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BBEAEHUE

Yye6HOe nocobye HanmMCaHO 10 pe3yAabTaTaM YTeHMs JIeKLMi1 Ha Ma-
TeMaTUKO-MexaHuueckoM (akynbrere CaHkT-IleTepbyprckoro yHuBsep-
cuTeTa. B Hero BOLIIM MaTepuaibl, U3/araBuyecs: B Kypcax «AJTOPUTMbI
U aHaIU3 CJIOXKHOCTU», «AHANIU3 AITOPUTMOB», «MaTeMaTuyecKkas JOTMKa»
(paspen «Teopust aITOPUTMOB») ISt CTYAEHTOB GakanaBpuaTa 1 «J0MmoaHu-
TeJIbHbIE [VIaBbl MaTeMaTUYECKOI JIOTMKU U TEOPUM QJITOPUTMOB» LISl CTY-
JEeHTOB MarucTpaTyphl.

Unes BroueHus B yuebHOe ocobue Matepuana, M3JI0XXeHHOro B ITI. 1,
BO3HMKJIA JOCTaTOYHO JaBHO, rocie Toro, Kak H.K. KocoBckuit [1] o6paTun
BHMMaHMe Ha TO, YTO Ipyu pabore metona l'aycca ¢ ueabiMu umuciamm (Uc-
TIOJIb3YIOTCS TOJIBKO OTePaLivy YMHOXKEHUS U CJIOXKEHMS]/BbIMUTAHUS) IJIMHA
3anMCy 3JIEMEHTOB MaTPULIbI PACTET S3KCITIOHEHLMATbHO OTHOCUTEIbHO HO-
Mepa UTepalMy U, Cief0BaTe/IbHO, OTHOCUTENbHO JJIMHBI 3aIIMCYU UCXOLHBIX
JaHHbIX. OQHaKO, BO-TIEPBbIX, BO BCEX YueOHMKAX HAMMCAHO, UTO 3TO MOIU-
HOMMAJIbHbIN 110 BpeMEHM &ITOPUTM, a BO-BTOPBIX, IIPU 3KCITOHEHLMab-
HOM pOCTe JJIMHbI 3aIIMCY pe3yibTaTa aJilTOPUTM He MOXET ObITh ITOMUHO-
MUAITbHBIM 110 BpemeHu. ObpalieHue K CrienyaamMcTaM 1o aarebpe He Aano
TIOJIOXMTEIBHOTO pa3pelleHys: 3Toi Mpo6ieMbl: B aaredpe NMpUHATO CUU-
TaTh KOJIMYECTBO NMPOU3BEAEHHBIX apuPMeTUUECKMX OmnepaLuit, He obpa-
11asi BHMMaHMS Ha POCT IJIMHBI 3anucy pesynbraTa. JIroam xe, 3aHMMaloUIy-
ecsl TIPUJIOKEHUSIMM, NTPEeKPacHO 3HAIOT O BO3HMKAIOIMUX IEePEeroTHEeHUSIX
U «6OPIOTCSI» C HUMM pa3paboTKOi MPUOTMKEHHBIX METOLOB.

Kpome Toro, npu o611eHny CO CTYAEHTaMM BbISICHMIOCh, YTO BO MHO-
I'MX KHUrax (K C4acTblo, He BO BCeX) OCHOBHbIE aJITOPUTMbI Ha rpadax usmna-
raloTCs Ipy NpeacTaBaeHuu rpada MaTpuLeit CMEXHOCTU. 3TO YacTo 06b-
SICHSIIOT TeM, YTO paboTa ¢ MaTpuLieit CMeXHOCTYM OYeHb ITPOCTa U HarIsAHa
Jake IJIsT HAUMHAIOILEro IporpaMmMucTa. B cBsI3M ¢ 3TMM BO3HMKJIO JKejla-
HJMe HaISIgHO 11 CTYIeHTOB CPaBHUTD «BpeMsi», TOYHEee, YMC/IO IaroB pa-
60ThI TpOrpaMM ISl pa3HbIX Cr1oco60B MpeacTaBieHus rpada.

PaccMOTpeHMIO TaKMX BOIIPOCOB IOCBSILIEHBI M. 1 U 2 yue6HOro 1mo-
cobust.

U1t MHOTMX CTYAEHTOB M Jaxe paboTalolMX IMPOrpaMMMUCTOB ITOHSI-
TUS «JITOPUTM» U «IIpOrpaMMa» OOMHAKOBbI. UTOObI M30aBUTD MX OT 3TOTO
3abmy>kaeHus, B 1. 3 yue6HOro 1ocobyst aHbI HaualbHble CBEJEHUS O TeO-
pUM aITOPUTMOB, B YaCTHOCTU NPeACTaBIeHME O PeKYPCUBHBIX QYHKIMUSX,
U OINMCAHBI TaKye BKHbIe MaTeMaTHUYecKye MOHSITUSI AITOPUTMA, KaK Ma-
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BBEOEHWE

muHa ThiopyHra, HeleTepMUHMPOBaHHasi MalyHa ThIOpUMHTa ¥ HOPMaJib-
Hble aIropuT™MbI MapkoBa.

[ns mo6oro nporpaMMMCTa BaXXHbIMM [TapaMeTpamMy MCIIOIb3yeMOro
Wiy pa3pabaThbIBa€MOro aIrOpUTMa SIBJISIIOTCSI BpeMsi ero paboTsl U 06bEM
UCTIO/Ib3yeMoV mamsiTu. OnpesesieHuIo TOTo, YTO B HACTosILLee BpeMst IOHU-
MaloT I10J], BBIYMUCUIUTEIbHO CIOKHOCTBIO &JITOPUTMA MY BBIUUCIUTEbHOM
CJIOXKHOCTBIO 33[1a4M, IIOCBSILIEHO HA4yaJIo IT1. 4.

B HacTosilee BpeMsi INMPOKO U3BeCTHA NpobieMa, paBHbI MM He paB-
HbI Ki1acchl Py NP. CnoBaMy P — NP 06T OLIeroisiTh JaXe Te, KTO IOHS-
THUSL HE UMEET, 0 YEM )XXe, COOCTBEHHO, UAET peyb. B CBSI3U C 3TUM B 1. 4 U3-
nararoTcs (B HECKOJIbKO afalTMPOBaHHOM 110 CPaBHEHMIO C [2] B1AEe) OCHOBBI
COBpPEMEHHOV TeOpUM CJIOKHOCTY aJITOPUTMOB. B yacTHOCTH, pacCMaTpyUBa-
10Tcs1 ki1accol P, NP y P-SPACE. OnychIBalOTCS HEKOTOPble OCHOBHbIE METO-
Ibl oKa3aTenbcTBa NP-TIOMHOTHI 3aa4M.

B u3maHuM U3I0XKeHbI CBEAEHMS, TIO3BOJISIIOLIME TPUOGPecT 3HAaHUS
O BBIUMCIUTENBHOM CJIOKHOCTU JITOPUTMOB, a TaKKe YMEHUS] aHaIU3UPO-
BaTb II0CTABJIEHHYIO 3aaYy C TOUKM 3PeHUs] €€ BhIYUCIUTENbHOM CJIOKHOC-
TU Y BbIOOpa MeTOa pellieHuUs.

Yye6Hoe 1mocobye COOEPXKUT YIIPOKHEHMS, TI03BOJISIIOIIME CTYAEHTaM
3aKpenuUTb U3JI0XKEHHBI MaTepyas U NpMo6pecTy HaBbIKY OLIEHKM BbIUUC-
JIUTEJIbHOM CJIOKHOCTY aJITOPUTMOB.



gj IMABA 1. TPOCTEMLLME
AUCKPETHBIE AJITOPUTMblI
U OLLEHKU YUCNA UX LLATOB

u 1.1. PA3JIVMUE MEXXAQY YUC/IOM
LUAroB AJITOPUTMA U BbIMUCITUTE/IbHOM
CNNOXXHOCTDbIO AJITOPUTMA

ITpu pabore ¢ UMCIaMy OUYEHDb YACTO FOBOPSIT O YMCJIE ILIar0B aJITOPUT-
Ma Kak 0 uucie apupMeTMueckux ornepawmit (CI0KeHUs, BBIMUTaHUS, YMHO-
JKEHMST WK AeneHus). B atom pasgene 6ygeT MOKa3aHO, UTO TaKMe «Iarm»
He Bceraa afieKBaTHbI UMCITY OIepanyii Ha KOMITBIOTepe, BbINOMHSEeMbIX 3a
OIMHaKOBOe WM 110 KpaifHeit Mepe CpaBHUMMOE BpeMs.

3nech U ganee 3anuch ||Al| 6ygeT UcIonb30BaThCS 411 0603HAYECHUS
IJTMHBI 3arucyu A, UTOOBI He IyTaTh C |A| — «abComoTHOE 3HaYeHue uucia A»,
«MOIIHOCTb MHOYXECTB A» U T.II.

IIpumep 1. Yncio «maroB» Bbrumcaenus GyHKUuM f, rae f(n) = 2.

W3BecTeH aropuTM «6bICTPOrO BO3BENEHMS B CTENEHb», BHIYMCISIO-
muit 2" 3a logp n yMHOXXEeHU, Iae p — OCHOBaHME CUCTEMBI CUUCIIEHMSI.

IiMHa 3anMcy HaTYPIbHOTO YMcia n NpUOIM3UTENbHO paBHa ||n|| =
~ log n.CnenosateinbHo, [12"|| = nlog, 2.

€PHO JI1, YTO 32 10g, N «1IaroB» BO3MOXHO BBINIMCATb YNCIO IJTUHOM N?

YT0 30ech MOHMMAIOCH ITOJ, CJIOBOM «IIar»?

IIpumep 2. Beruncnenue n-ro uucia dGuboHauym.

Uucna PuboHauuy onpenensoTes pekypeusHo: Fy =0,F, =1,...,F, ,,=
=F F ., ... 1751 X BbIMMCIEHUS U3BECTEH CIEAYIOUIUIA aITOPUTM.

n"n+12°°

ITycts MaTpuua P MMeeT BUL



1.). Pasnuuue Mexay YNCNOM WarosB anropmutMa U BblMUCNUTENBbHOW CNOXHOCTbLIO...

Torma (F,_,F,_)):P=(F,_F),1e.Q)P"=(F F,, ).

CnenosaresnbHo, F, , , BBIYMCISETCS 32 N YMHOXEHUI MaTpuLbl P Ha
cebs1 ¥ ofmHO YMHOXeHMe Ha cTpoky (0 1).

CIIoXXHOCTD BblYMCIEHMS] n-T0 uncia PuboHauuy F, mMHeitHa OTHOCH-
TebHO ero HoMepa n?

V3BeCTHO, YTO CKOPOCTb POCTa 3TUX UMCENT IKCIIOHEHManbHa. TouHee,

1 1+J§Jn

F, =
N

n|IF || = O(n).

INonyyaeM, YTO MO MCXOLHOMY OJAaHHOMY h, IJIMHA 3alIUCU KOTOPOTO
[In|| = logp N, BHIMMCHIBAETCS PE3Y/IbTAT, [IIMHA 3amucy KoToporo [IF, || = O(n).

B 000Mx 3TMX IpMMepax MOJ «IaroM» IIOHMMAaJIOCh BhINOIHEHUE YM-
HOXeHMs: 6e3 yyéTa pocTa IJIMHBI 3al1CU pe3y/bTara.

CnenyeT pa3iMyaTh BbIMMCIMTEIBHYIO CJIOXKHOCTD AJITOPUTMA, 3a-
Bucsinyio ot JJIMHbI 3anmcy MCXOGHBIX JaHHBIX, M <4MC/I0 IaroB» pa-
60TBI aJIropuT™Ma.

3TO pasnuMuMe CIegyeT IaBHbIM 06pa3oM M3 TOTO, UTO ITOHMMAeTCs
TOJ CJIOBOM «1LIar».

3ameuanue.

B 3THX nmpuMepax MUCIoib30BaHa (M HIDKE 4acTO OyaeT NPUMEHSIThCS)
cumBonuka O(f(n)). [ToaTomy 3mech NpUBeNEM ONpeneeHue Toro, Uro 1o-
HMMaeTcst oz, 3anuckio gln) = O(f(n)).

Jnst yHKUMI fU g HAaTYpaJIbBHOTO aprymeHTa n 3armicbiBaeM g(n) = O(f(n))
TOTZA M TONBKO TOrZA, KOTAA CYyIeCTBYeT MONOXMTeNbHasl KoHCTaHTa C Ta-
Kasl, UTO ISl BCeX HaTYpaJIbHBIX uyces n BepHo g(n) € C- f(n).

3CVn(g(n) < C- f(n)).

Knaccnueckoe onpeneneHye BbIUUCIUTENbHON CIOXKHOCTU aJiTOPUT-
Ma Jaétca B TepMuHax MawuHbl TeiopuHra. Hioke 6ymeT rmokasaHo, YTo
3a4acTylo MOJis ONpeneNeHuUs] BbIYMCIUTENbHOM CIOXHOCTM aJIropuTMa
MOXXHO MCIIO/Ib30BaTh, HaNIpMMep, YMCIO ONepaLyii, BHIIOIHSIEMbIX IIPO-
rpaMMOoii Ij1s1 KOMITbIOTepa, HamMCaHHO Ha si3bike [Tackanb. Ho ipu aTom
06s13aTe/IbHO HEOOXOAMMO YUMTHIBATh POCT JJIMHBI 3aIIUCHU TPOMEXYTOY-
HBIX pesy/lbTaToB.

B 70-e rT. XX B. CTYZIEHTOB YYWIH, UTO /I OLIEHKM YMC/Ia IIaroB BbIYUC-
JIeHUSI 3HaYeHMsI MHOTOYIeHa MOXHO YUUTBIBATh TOIbKO KOJIMYECTBO YMHO-
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MMABA 1. NTPOCTENWNE OUCKPETHbBIE AJTTOPUTMbI Y OLIEHKW YNCNA UX LUATOB

JKEeHUI1, TaK KaK BpeMsi BHINOTHEHMSI Ha KOMITBIOTepe CJIOKEHMSI CYIIleCTBEH-
HO MeHblile BpeMEeHM BbITIOIHEHUS] YMHOXEHMSL.

B coBpeMeHHbIX KOMITbIOTepax 3a CYET HaIMUMs B HUX COMPOLIECCOPOB,
BBINOJTHSIOWMX apudMeTHUecKme OnepaLym, MOXKHO CUUTATh, YTO apudpMe-
TUYECKMe orepaLyy Hag HeIbIMMU YMCIaMM, eC/IM pe3ynbTaT TaKoii ornepa-
LMY TTIOMelllaeTcsl B OAHY STYENKY, BHINOIHSIOTCS 32 IPMMEPHO OfHO Y TO JXe
BpeMst. [ToaTomy fanee 6ymeM yYUTHIBATh KOIMUECTBO BHITIOTHEHMS J1T0607
U3 apudmMeTHUeCKMX OnepaLmii.

u 1.2. METO[] TAYCCA ANngd MATPUL,
C LLE/1IbIMU KOOODULIUEHTAMM.
AHAINN3 POCTA KOOODOULIMEHTOB

Xopouio 13BeCTHbI Cieayolye cBoiictBa Metona l'aycca penienus cuc-
TEM JIMHENHbIX YpaBHEHMIT (B TOM UMC/Ie ¥ HaxXOXaeHus: 06paTHOM MaTpu-
Libl): METOZ, SIB/ISIETCS TOYHBIM; METOZ, HeycToiuuB. [Ipy ero npyumeHeHumn
K MaTpuiaM C 3jemMeHTaMyu Tuma real pa3paboTaHbl pa3IMyHbie METOHbI
«6opBOBI» C HEYCTOMUYMBOCTBIO METOAA, 0OYCIOBIEHHO Te€M, UTO OrepaLys
Je/eHus B KOMITbIOTEpE BBIMTONHSAETCS MpUOMOKEHHO (6onmee Toro, miam-
LIMe paspsigbl UMc/ia 06pe3aroTcst, a He OKPYIVISIIOTCS).

Ha mepBoM Kypce BceX CTYZEHTOB yyaT IIpMMeHeHuI0 Metopa laycca
K MaTpMLiaM C LielbiMu K03 duLMeHTaMy, B KOTOPOM OTCYTCTBYET Jejie-
HMe, a JIef0BaTe/lbHO, OTCYTCTBYET OKPYyITIeH e IIPOMEXXYTOUHBIX pe3yibTa-
ToB. Kasasoch 6bl, BCe 3/IeMEHTbI KaXXII0i CTPOKM MaccuBa TUMa real MOKHO
YMHOXMTb Ha 0011Mi1 3HaMeHaTeNlb 3JIeMEHTOB CTPOKM U MOMYYUTD LIeJI0-
YUCIEHHYIO MaTpULy KO3 GHULIMEHTOB PaBHOCUIIBHOM CUCTEMBI, IIOC/IE 3TO-
'O MMPOM3BOAUTH BHIUMCIEHMS 6€3 UCTI0Nb30BaHUS IeIeHUSI.

ITouemy Tak He nocTynawT? Beé neno B 60/bL10I CKOPOCTY POCTa 3J1e-
MEHTOB MaTpMLbl B Ipoiecce npumeHeHusi meromda laycca. ITocmoTpum,
HAaCKOJIbKO JXe OBbICTPO OHM PaCTyT.

B iuTepaType MOXHO HaliTU YTBepXXIeHUs (CM., HarIpyMmep, [3]) o ToMm,
yTo MeTon aycca 3aBepuiaet pabory He Gosee, ueM 3a IOTMHOMMAIbHOE
(Kybuueckoe) OT pa3sMepPHOCTY MaTPUILIbI YMCI0 apudMeTUUYECKMX Orepa-
umit. Ho CKOJIBKO ke peasibHO Omepanyii BBIIIOHSET KOMITbIOTep?

ITycTb 3afaHa Le/IoYMCUIeHHass MaTpyLia pasMepoM n X m, IpU4EM AJiu-
Ha 3aMyCcy KaKOOro U3 eé 3JIeMeHTOB He ITPeBOCXoauT M (IIa,.I.II £M,i=1,...,m,
j=1,..., n).Ilocne nepsoit uTEpaLy uMeeM MaTpULLy BUAA:
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1.2. MeTop raycca 4na MaTpuu C uenbiMm KoadpduumeHTaMu...

a, a, .. q
0

n

B! ’
0

e 37IeMeHTbl MaTpuLibl B! ¢ MHOEeKcaMM 3MeMEeHTOB i = 2, ...,m,j =2, ..., n
BbIUMCIIEHBI 110 popMye:

1_
bij =a,a, - a,a,.

VuuThIBas TO, YTO IPU YMHOXKEHUM LIEJIbIX YMCEN X JJIMHBI CKIabIBa-
10TCS1 (MOXET ObITh, MUHYC €AMHMLIA), @ TIPU CJIOKEHUM (BBIYMTAHUM) OJIU-
Ha 3anmyucyu pesyabTaTa He IIPeBOCXOOUT MaKCMMyMa MX JIMH ILTIOC 1, ume-
eM, YTo

B}l < 2M + 1,

i=2,..,mj=2..n
IMocne k-7 uTepauyy MMeeM MaTpULLy BUAA:

a, a, .. a; .. a,
0 b, .. b, .. b
0 0 .. by ... b,
0 0 .. 0

. B
0 0 .. 0

IZie 37IeMeHThbl MaTpuLibl BX ¢ uHOeKcaMu aneMeHToB i=k+1,...,m,j=k+ 1,
..., N BBIYUCJIEHBI 110 Hopmyrte:

bl = B~ Bl ®

3nmech, KOHEYHO, HEOGXOMMMO OroBapuBaTh CJyyau, Korga by =0,
by =0 mpu Bcex i =K, ..., m, HO B «XyAmeM» (C TOYKY 3pEHMSI UMCIA BBIION-
HEHHbIX onepaLyit ¥ CKOPOCTH pOCTa JJIMH K03 (GULIMEHTOB) CTy4ae MMeeM:

IbZll<22M + 1) + 1=4(M+ 1) - 1;

1Bl <2(4M +3) + 1 =8(M+ 1) - 1;

||b;||gz(8M+ +1=16(M+1)-1.
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IMABA . NPOCTENLUWE OUCKPETHbIE ANMTOPUTMbI M OLLEHKW YUCA UX LLATOB

[0 MHAYKUMM C YUETOM OTOBOPEHHBIX CTYYaeB HECIOXKHO JOKas3aThb,
YTO MOCJIe IPSIMOro Ipoxoja MeTtona laycca /11 MaTpHMIbl paHra r:

brll< 27 (M+1)-1. )

[IpuBenéHHbIEe Bblllle NPUMeEpHI MOKa3aiy, YTO HUKAKOM aJrOPUTM,
JUIMHA 3alMCU TIPOMEXYTOYHBIX JAHHBIX KOTOPOro 3KCIIOHEHLIMAIbHO 3a-
BMUCHUT OT JUIMHBI 3aIIMCU UCXOOHBIX AaHHbIX, He MOXET 3aBepllaTh CBOIO pa-
60Ty 3a NOMMHOMMUAILHOE OT JJIMHBI 3alIMICY UCXOAHBIX AaHHBIX YUCJIO 1Ha-
ros. IlomyuaeTcs, uto meTog 'aycca He nonHOMMaIEH?

MOoyXHO BO3pa3sUTh, UTO €C/IM IIPYU BbIUMCIEHUM OYePeHOV CTPOKU ITpU
npuMeHeHuyu Metopa aycca HaxoguTh Haubonbuimit o6LIMI HerUTeNb
3HayeHui e€ 371eMeHTOB, TO MOXXHO YMEHbIIUTb POCT AJIMHBI UX 3alMUCeid.
Ho 3T0 cuibHO YBETMUYUT BpeMsl.

Ho MoHO BOCHO/Nb30BaThCs CHOpMYIMPOBaHHON B [3] Teopemoit
CunbBecTpa, COMIaCHO KO'ropoﬁ IUIsl BCeX Kk > 2 KaKOblil 3eMeHT ManM-
bl B* (te. by nmpui=k+1,...,m,j=k+1,..., n) fenurcs Haueno Ha b5, _,,
(3mech npu k 2 snemMeHT b ke lx £-1) C1€AYeT Bocnpmmma'rb Kak a,,).

Takum 06pa3oM, Npy BLIUMUCTIEHUM TIEMEHTOB b npu k > 2 MOXHO, OC-
TaBasiChb B paMKax LIeJIbIX YMCel, [10JIb30BaThCs cbopmynoﬁ:

bkzb,f lbkl_bll; lb;ckl. (3)

ij k-2
b(k ~1)(k-1)

Hpn 3TOM JUIMHA 3aMucu b" YMEHBLINTCS 110 KpajiHeil Mepe Ha JJIMHY
3anucu b(k 1xk-1) MMHYC emmuua

ITocMOTpMM, KaK e M3MEHUTCS OLleHKa (2) AJIMHBI 3alIACH 37IEMEHTOB
nocJie NpsiMoro npoxoaa Meroaa 'aycca ajisi MaTpuiibl paHra r.

Onak>2,i=k+1,...,m,j=k+1,...,n uMeeM

llb <2 lIb" N+ 1 - (llbg oyl - 1) =
=2 llb,f- i Lo el 2.
YuuTbIBas TO, UTO |Iail.|| <€ M, nonyyaem:

b1 <2Q2M + 1) - M+ 2 =3M +4;
;1< 2BM +4) - M+ 1) + 2=4M +9;
bl < 2(4M +9) — (3M + 4) + 2 = 5M + 16;
1B311 < 2(5M + 16) - (4M + 9) + 2 = 6M + 25.
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1.2. MeTop raycca 4na MaTpuu ¢ uenbiMu koadduumeHTamu...

ITo MHAYKUMYU C YYETOM OrOBOPEHHBIX CIyyaeB HECJIOKHO [0Ka3aTh,
YTO NOCJIe NMpSIMOro npoxona MeTtopa 'aycca i MaTpuLibl paHra r:

r
b!'l'

S(r+1)M+r2 )

Cornacurech, yto K03bduumeHT r + 1 npu M CylieCTBEeHHO MeHb-
uie, yem 2", Tak, HanpuMep, eciu M = 16, a panr matpuupl r = 10, TO B C1y-
yae oLeHKM (2) 6e3 ucnonb30BaHus TeopeMsl CUIbBECTPa rapaHTUPOBAH-
Hble JJIMHBI 3anucy K03 duumeHTOB He mpeBocxomaTt 210+ 16 - 1 =16 383 =
= 1024 - 16. C ucnonb3oBaHUEM 3TOI TeOpeMbl COIIaCHO OLIeHKe (4) X ra-
PaHTMpPOBaHHbIE AJIMHBI 3arMcy He rpeBocxogsT 11+ 16 + 102 =276 =17,25 - 16.

OnHako 3To BCE paBHO HAaMHOro 6osee JyIMHHOE YMUCIO0, YeM TO, KOTO-
poe MOXXHO 3anmuMcaTh B KOMIIbIOTEPE C ONMCaHMeM TUMA integer (IjIMHA ABO-
MYHO# 3anMcy He ITpeBOCXommT 16) unu longinteger (AyiHa IBOMYHOM 3any-
CU He IIPEeBOCXOOUT 32).

Kak ke mocrymnaeT 60NbLUIMHCTBO COBPEMEHHBIX KOMITBIOTEPOB, €C/IU
pesynbTaT apudmMeTMUECKOii onepauyMy C YUCIaMu TUIIA integer He TIoMe-
11aeTcs B siYeiiky? B neiicTBUTeIbHOCTM apydMeTHUeCcKye orepalyy B KOM-
MbIOTEpe BBIMOHSIIOTCS 10 MOZY/I0 216 1 232, [Ipy 3TOM uMc1a MpUHAJIEXaT
orpe3kam [-215, 215 — 1] u [-2%1, 23! - 1] s umcen Tina integer wiu longinteger
COOTBETCTBEHHO.

Tak, HanpuMmep, ITycTb B s13bIKe C y HacC ecTh 32-OMTHas siueiika rmamsi-
1. ECi MBI BOCTIpMHMMaeM eé comepyKuMoe Kak Lie/Ioe YMCIO CO 3HAKOM,
TO 310 6ymeT umcio u3 orpeska [-23, 23! — 1]. Ecmm npoueccop npu6aBut
K 23! - 1 equHMLLY (BBIIIOJIHUAT ONEPaLIMIO inc), MONTYyYUM:

inc(23 - 1) =-23,

COOTBETCTBEHHO, BbIYMTaHMe eAUHULbI U3 —23! (BbITOMHEHME onepa-
umu dec) JaéT:

dec(-23) = 2% - 1.

PaccMOTpuM OueHb IPOCTO¥ U HaIISIAHbII IPUMep pelieHys1 CUCTEMBbI
JIMHEHbIX YpaBHEHMI! ¢ LeNbIiMY K03¢hdULUMEeHTaMM Ha BbIUMCIUTEIBHOM
yCTpOJiCTBE, KOTOpOoe paboTaeT C LiebIMM AeCITUYHBIMY YUUCTaAMM AJIVHBI 2
(1 uncnom -100), T.e. ¢ LenbIMU YncIamMm U3 orpeska [-100, 99] no mony-
o 200.
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IMABA 1. MPOCTEMNLUME OANCKPETHbIE ANTTOPUTMbl Y OLEEHKU YXMCNA UX LLATOB

TpebyeTcst pelIUTh CUCTEMY JMHENHBIX YpaBHEHUI C pacLIMpPeHHO
MaTpuLeii:
4 -17\47
3 -5/48)

KoadduuyenTts! cucteMbl NogobpaHbl Tak, YTOObI ee pelieHueM 6bUta
napa uucen (101, 51).
IToce BBIMONHEHMSI NEpPBOro Iara Metrofa laycca nmoayyum paciiu-

PEHHYIO MaTpULLY:

4 -7 47
12-12 -20+21(48-4-47-3]

IIpy BbIUMCIEHUM «HA GYMaXkKKe» MM Ha YCTPOMCTBE, MO3BOJSIOLIEM
IIPOM3BOAMTD BHIUMCIEHUS C UMCTaMM 6OIbILel JIMHBL, TTOTY4YUM:

4 -7\47
0 1|51/
_47+7-51 404

U3 yero cremyet, uTo y = 51, x = T—T= 101, yTO M sIBNISIETCS pe-

IIeH)EeM CUCTEMBL.
Ha HamieM rurnoTeTM4eckoM BbIUMCIMTENTBHOM YCTPOJCTBE BbIpaske-
HMe 48 - 4 - 47 - 3 6yaeT BhMUCISTHCS CIeLyIolMM 06pasoM:
48 -4 =192 (mod 200) =-8;
47 - 3 =141 (mod 200) = -59;
-8 - (-59) =51 (mod 200) = 51.
B pesynbTaTe nMpyMeHeHMs1 1epBoit uTepauyuy Metona laycca noryya-
€M pacUIMpPEeHHYI0 MaTpULLy:
4 -7|47
0 1|51/

OueBUIHO, UTO YUCIO Y = 51 SIBNSIeTCS pelieHueM 3TOi CUCTEMBI U 3Ha-
yeHue J1s1 Y OTy4YeHO BEpHO.
O6patHbIM X0m0M MeToza l'aycca umeeM maTpulLy:

4 0]47-(-7)-51
0 1 51 ]
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1.3. ApudMeTrka MHOropaspaaHbIX Ynucen

IIpyu aTom: 47 - (-7) - 51 = 47 + 357 = (mod 200) 47 + (-43) = 4.
To ectb nepBas crpoka umeeT Buz, (4 0 | 4), v momyyaem x = 1, 4To He SIB-
JIsleTcsl pelieHueM CUCTEMBI.

& 1=. aPuoMETMKA
MHOTOPA3PSIIHbIX YUCEN

O6cynyMm, Kak MOXXHO B KOMITbIOTEpE TPOU3BOLUTH BBIUMCIIEHUSI C Lie-
JILIMM YMCJIaMy TTPOM3BO/BbHOM Pa3psiiHOCTU. AITOPUTMBI 3TOro naparpada
B3SIThI [NIaBHBIM 06pa3oM M3 [4] ¥ IpMUBOASITCS 1151 YMCeN, TPeCTaBIeHHbIX
MaccuBamMy Ui crmckamu. Kogpl npouenyp sxenaroliiye MOryT IOCMOTPeThb
B [4] MM HanMCcaTbh CaMOCTOSITENIbHO B KaYeCTBE YIIPaXXHEHUS.

1.3.1. NpeacraBneHue HeOTpULIATENbHOIO
MHOropa3psaHoOro YMcna Kak ymcna
B CUCTEeMe CYUCNeHUN NOo 3agaHHOMY MoAynio

U3 Kypca anre6pbl U3BECTHO, YTO BCSIKOE LIeJI0€ HEOTPULIATETbHOE YUC-
JI0 X MOXXET ObITh IIPECTAaBJIEHO B M-UYHO cucTeMe CUMCIeHust (Ipu m > 2)
B BUOe x = m*-!x + m*-%x + ...+ mx,_,+x,_ . TIpu sTOM k — [IIMHa 3anucu
mM-U4HOro npepcTaBnedus uucnax,0<x,<m-1npni=0,..., k- 1.

Hmke uncna x,, ..., x,_, 6ynemM HasbiBaTb MaKpouydpamm.

Ecim m — HekoTOpOe Liesioe Y110, KOTOPOe MOXET GbITh 3aMuCcaHo
B O[HY SIYEiKY, TO MpeaCcTaBIeHyme uucia B sume (k, X, _,, ..., X,) YA06HO 1is
XpaHEeHMSI U OCYIIEeCTBIeHUS oIepaluii ¢ YucIamMmy IPOM3BOJIbHOM paspsif-
HocTu. To, YTO CHavasia pPacloyoKeHbl MafiiMe paspsiibl, a 3aTeM CTap-
e, 06yCJIOBIEHO TE€M, UTO apudMeTHMUecKue ornepaumy, Kak IpaBuUo, Bbi-
TOJHSIIOTCS. HAUMHAS C MIaJIIMX pa3psiioB.

Jpyroe coobpaxxeHye 10 MOBOAY BbIGOpa 3HAUEHMS UMCIa M 3aKTIoUa-
€TCS1 B TOM, YTO, BO-II€PBbIX, HAa BXOJ [TOCTYTIAIOT AEeCSITUUHbIE UMCIIA, BO-BTO-
pbIX, C 3TUMM YMCIaMM IPUAETCS IPOM3BOAUTD 110 KpaiiHeit Mepe ornepa-
LMIO CIoKeHMs1. JKenaTenbHO, YTOObI pe3y/bTaT CIOKEHUS JABYX MakpoLudp
TaKKe [oMeLaIcs B OAHY siueiiky. [Io3ToMy pasyMHO B KaueCTBe OCHOBa-
HUS CUCTEMbI CUMCIeHMs Ipy paboTe ¢ AIMHHBIMM YMCIaMM BbIGpATh CTe-
IIeHb OeCITKU.

Hanpumep, ecny BbraMcieHMs: NPOM3BOASTCS C YMCIaMU TUIIA integer, TO
m =10 000 = 10* — MakcMMasibHasl CTeNIeHb AECSITKY, KOTOPYIO MOYKHO 3aIy-
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rMABA 1. MPOCTEWLUME OUCKPETHbIE ATTOPUTMbI Y OLEHKW YNC/A UX LLATOB

caTb B ofHy stueitky (10 000 < 65 536 = 216). ITpy BbIUMCIEHUSIX C YMCTIaMy TUIIA
longinteger m = 1 000 000 000 = 10° — makcuMaibHasl CTeNIeHb AECSTKHU, KO-
TOPYI0 MOKHO 3ammcaTh B ofHY srueiiky (1 000 000 000 < 4 294 967 296 = 2%%).

1.3.2. 3anucb MHOropa3psiAHOro Ymcna
u3 panna. OueHKa Yyucna waros

Ilycts B Gaiine 3ammucaHO AECATMYHOE YMCIIO, 33IaHHOE CJIOBOM 4, ... 4,
(0 € g, € 9). TpebyeTcs npecTaBUTh €0 AMHAMUYECKMM MacCUMBOM (MM
CIIMCKOM), KaK 3T0 6bU10 OIIpefe/ieHo B IIpeblaylleM pasjerne.
PaccMOTpMM IpMMep TaKoro npeacrasaenus (cM. Tabi. 1.1) mnsa uncia
49 583 npu m = 100 B maccuse A[0..j]. U3HauanbHO j = 0. Yncno u3 daitna cuu-

ThIBAE€TCS B [IEPEMEHHYIO ch.B IIpyMeYaHuy OINyCaH 3Tall paGOTbI aJIrOpUTMa.

Tabnuya 1.1
IIpumep npoluecca 3anmmcy YuoIa us ¢gaina
A[0] All] A[2] A[3] ch IIpumeuaHue
0 4 CuMThIBaHME OFHOM
undpst. 1 mar
3anuch LMdpbl B MacCUB
1 4 9 M cyuThIBaHUE LUDDBI.

2 mara

3anuch YMciIa U3 OBYX
1 49 5 uudp ¥ cCYUTBIBaHUE
nudpsl. 2 mara

IMepeHoc 1-i uudpsl
B A[2], 3aruch uncna ux

2 % 4 8 IBYX IMdp ¥ cCUMTHIBaHUE
umdpsl. 3 miara
IepeHoc 1-i undpbt

2 58 49 3 B A[2], 3amuchb IBYX umcen

U3 ABYX UMGP U CUUTHIBA-
Hue umdpsl. 4 1mara

IepeHoc 1-i uudpst

us A[i]BA[i+1])(i=1, 2),
3 83 95 4 3anMCh ABYX uucelsl U3
IBYX IM(p ¥ cUMThIBaHME
umdpsbl. 5 naro
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1.3. ApudmMeTrka MHOropaspsaaHbIx ymcen

B 3071 Tabnue 1oz «11aroM» MOHMMAETCS OfHa U3 CJIeAYIOLIMX Orle-
paumit: cunTbiBauue Uudphl U3 daitna, 3anuch UMGPHI B LETOYNCTEHHbIN
MacCHB, Bblie/IeHye NepBoil MGl MHOTO3HAYHOTO YMC/Ia U e€ yaaleHue
13 Hero, NpunucbiBaHye U@ pbl B KOHEL, Yuc1a. 3aMeTUM, UTO 3TH «ILaru»
He paBHO3HaYHbI, TaK KaK [OCIeqHMe IBa TpeOyIoT HaX0XAEeHUs OCTaTKa
oT peneHus Ha 10, a Takke yMHOXXeHMs1 Ha 10 u cnoxkeHus. OgHaKo Ioc-
JlefHMe IBe oIepalyuy He SBJSIOTCS HAaCTOSIILMMM ollepauusIMy JeleHusl
WIM YMHOXXEHMS], @ BBITIOJHSIIOTCS C TOMOLBIO CABUTOB ¥ KOHKAaTeHaLUy
JOBYX CJIOB.

IIpu cunthiBaHMM -3 LMdpHI (i = 1, ..., n) KOTUYECTBO «IIAroB» YBEIU-
YMBAETCS 110 Mepe yBeIuYeHus: KonuyecTBa Lydp, KOTOpble HYXXHO Iepe-
HeCTU B CjlefylolMe 37ieMeHTbl MacCUBa, T.e. [10 Mepe yBelIudeHusl Coaep-
xxumoro A[j]. I[Ipy 3TOM napaMeTpsl i ¥ j CBSI3aHbl ClIemyolMM 06pa3oM:

j= 401~ |55

Mpuj=1,... U 1||J BBINOJIHSAIOTCS CJIEAyIolIye onepanum:

while A[jj<m-1do
{ READ(ch);
forl=1..jdo
{if I=1then chl := chelse chl :=| A[l] : 10Mi-1];
A[l):=A[l]- 10+ chl }
}
}

B Teste BTOpOro umria 4 onepauuu. B ycioBHOM onepaTope nNpou3BO-
JUTCS iBe onepaLMu: OOGHO CpaBHEHMe Y OfHa onepauus 11bo npucBauBa-
HMS, 1160 BbieNeHUs TocieaHel uydpbl M3 uucia. Bropoe npucBauBaHue
TpebyeT eLl€ ABe onepaumu: yMHOKeHMs Ha 10 (CABUT) U CJIOKEHUSI.

BTOpoi1 LMKJI BBITIONHSIETCS j pa3s, B €r0 3aro/I0BKe Iy KaXXA0M BbIION-
HEeHMM NPOU3BOAUTCS O HA Orepalys CpaBHeHus! [ € j ¥ ogHa onepaiys yBe-
JIMYeHMs j Ha eAVIHULLY.

Bcero KonuecTBO ornepaumit st KXOoro j coctaBut |im — 1|| (1 + 4j).

ITepBbIit LMKII BBINONHSIETCS ||m — 1|| pa3, B €ro 3arojioBKe Ipy KaskaoM
BBITIOJIHEHUY [TIPOU3BOOUTCS OfHA OrlepaLysi CpaBHEHMSI.
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rMABA 1. MPOCTEMLUME OUCKPETHbBIE ANTTOPUTMbI U OLLEHKU YUCNA UX LLATOB

+1 .
Mycte M= UT';—_—]—"J VuuTbIBas T0,4TOj = 1,..., M, NIOTy4aeM OLI€HKY YUC-

Jla «11aroB» aJirOpuTmMa:

D lIm=11 (1 +4j) = lm -1 QMM - 1) + M) =

J

= Im-11 2M? - M) < (n +1) (2"”” J=o[ " }

m-1| llm -1

TakuMm 06pa3om, C Y4ETOM TOTO, UTO YMC/IO M SIBISIETCSI KOHCTAHTOM,
ITOPUTM BBITOMHSIETCS 3a KBaJpaTUYHOE OT JJIMHBI 3alMUCU UCXOLHOTO
yycia B ajiie KOMUYECTBO «IIArOBy»,

3ameuaHme. 31eCh CTOUT OTMETUTD, YTO AJISl TOTO, YTOOBI 3ammcaTh Lie-
JI0e HeoTpyLaTelbHOE AeCITUYHOE YMCIO IVIMHBI |1, KaK YMCIO TUMa integer
WM JUIMHBI |1, KaK YMcio Tumna longinteger, UX IIMHBI I0/DKHBI YIOBJIETBO-
psITb HepaBeHCTBaM m, = 10 < 216 =65 536 u m,= 10":< 2= 4 294 967 296 co-
OTBETCTBEHHO. MaKCUMMasIbHble 3HaYeHus JJIs |, U |, OyIyT COOTBETCTBEH-
HoO p, =4 u p, = 9. [Ipu 3TOM 3HaueHust 1 MakpoLMbp 6yayT U3 OTPE3KOB
[0,9999] 1 [0, 999 999 999] cOOTBETCTBEHHO, YTO 3HAYUTENBHO MEHbLIE YNC-
J1a, KOTOPOE MOXXHO 3aIMCaTh B OOHY SiUeiiKy. DTO II03BOJIUT B KayeCTBe Mpo-
MEXYTOUYHbIX AEMCTBUI ¢ MakpoLMdpamMu BLITIOMHITb UX CIOXKEHMe.

1.3.3. BbiBOA MHOropaspsgHoro uMcna
B dain. OueHKa Yyucna waros

IIpy BbIBOAE uMcIa HEOOXOAMMO MOMHMTb, YTO B KXKIOM 3/€eMeHTe
MaccuBa, B KOTOPOM XPaHMUTCSI MHOropaspsigHoOe 4ucio, 3amycaHa He 10C-
JIe0BaTeIbHOCTb UMdP, a YUMo, 3anKucaHHoe 3TMMU Uubpamu. IlosTomy
YUCII0, AeCATUYHAS 3aMIMCh KOTOPOro MeHbIle, YeM JJIMHA 3alMucH BblOpaH-
HOro HaMy OCHOBaHMs m, TpebyeTcst JOMOMHUTD BERYIMMU HYISIMU.

Tak, Hanpumep, npu BbiBoae unuciaa 1 000 034 506, npencraBieHHOTO
B MacCMBe B BUe

A[0] | A[1] | A[2] | A[3] | Al4] | AlS]
5 6 45 3 0 10

cIemyeT MocIenoBaTebHO BBIBOOUTD 5 cTpok uydp 10 00 03 45 06. To ectb
IIpy BbIBOZE KaXnoii Makpolydps! TpebyeTcs: MPOBEPUTh JUIMHY €€ 3anu-
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1.3. ApudMeTrnKa MHOropaspsaaHbIX Yucen

CM U B CJTy4Yae He0OXOAMMOCTH NOTOMHUTD €€ BeoyIMMM Hy/IssMu (He 6onee
yeM |Im - 1|| wyxk).

B 3TOM pasgesne nop «umarom» 6yaemM MOHMMAaTh OOHY U3 CIELYIOIMX
orepaLmii: 3aMUCh «MaKpoOLM(pbl» B CUMBOJIIBHYIO IIEPEMEHHYI0, CpaBHe-
HMe IJIMHBI 3aIMcy «Makpoumdpel» ¢ ||m - 1||, mornonHeHMe CTPOKU BeLy-
LM HYJIEM.

Takum 06pa3oM, BbIBOA, KaXXH0i «<Makpoumdpbi» motpebyer O(llm — 1)
«miaroB». O61ee uncio maroB coctaBut O(|lm - 1|k) = O(n).

1.3.4. CnoxXeHue AByX HeOTpULaTeNbHbIX
MHoropa3spsaHbix umcen. OLeHKa YMucna waros

Uro6bl CJIOKMUTD ABa HEOTPULIATENbHBIX MHOTOPa3psIHbIX YMCIA, 3a-
NMCaHHBIX B MacCMBBI A U B, 1OCTaTOYHO NOC/IEN0BATEIbHO CKIAAbIBATh 10
MOZY/I0 m 4nucia, 3anucaHuble B Afi], Blij ud pns i = 1, ..., max{A[0], B[0]},
rae u3HavanbHO d = 0, 3aTeM d — 370 1 (e A[i - 1] + B[i — 1] + d > m*) wiu
0 B NpOTMBHOM CITy4ae.

IIpu nopcuyéTe uMcIa LIAroB B 3TOM pasjeJie o, «1IaroM» IIOHUMaeTcst
Of1Ha U3 CJIeAYIOIMX onepauuii: Borumucinenue Afi — 1] + Bli - 1] + d (mod m),
npoBepka ycnoBust Afi — 1] + B[i — 1] + d > m v Bbiuucinenue d.

O611ee YMCIO «LIAroB» MPU CIOKEHUU OBYX HEOTPULIATETBHBIX UMCE
He npesocxoaut 3max{A[0], B[0]} + 1, T.e. cocraBnsieT O(max{A[0], B[0]}).

3ameuanue. OTMeTMM, YTO TaK Kak Jy1s umcen T1na integer Afi — 1] < 10°,
Bli-1]<10%,d<2,ToAli- 1) +B[i- 1] +d < 2- 105+ 2 < 65 536, TO pe3ynbTaT
BBIYMC/IEHMS] MOXeT GbITh 3aMUCaH B OOHY SYEHKY. AHAIOTUYHO IJISl YMCeN
tuna longinteger A[li— 1)+ B[i - 1] +d < 2+ 10°+ 2 < 4 294 967 296.

1.3.5. NMpeaukaTbl paBeHCTBa U HEPaBEHCTB
MHoOropa3spsaaHbix yucen. OueHKa YyMcna waros

Ilpeskne uem onpenenuTb OTpULATEbHbIE MHOrOpaspsiAHble uucia
U JeiiCTBUSI C HUMMU (B YaCTHOCTH, BbIYMTAHME TIOJIOKUTENbHBIX MHOTOPas-
PSIAHBIX YMCelT), paCCMOTPUM aJITOPUTMBbI BIYMCIIEHMS 3HaUeHUIt [TpeayKa-
TOBX=Y,X#Y, X <Y, X <y. B 0e/ICTBUTENIbHOCTH, TaK KaK X # y < ~(X =),

1 HanoMHMM, YTO CyMMa ABYX MaKkpoLiMdp NoMelaeTcs B OOHY STYeKy U, ciie-
Z0BaTeNIbHO, TaKyl0 CYMMY MOXXHO MMeTb B KauecTBe pe3y/bTaTa IPOMeKyTOYHO-
ro JeiCTBUS.
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IMABA 1. MPOCTEMLUUE OUCKPETHbBIE ANTTOPUTMb! Y OLIEHKU YUCNA UX LLATOB

axsyo-(y<x)wmxs<y< (x<y) v (x=y), To 1OCTaTOYHO YMETb BbIYMUC-
JISITh 3HaUeHMs1 IPeIMKaTOB X =y U X < Y.

OueBugHo, yto ecny A[0] # B[0], To x = y < false. Eci nononHUTeNbHO
A[0] < B[0], To x < y < true (ecin A[0} > B[0], TOo X >y <> true).

[ToaTOMY OCHOBHbIE TPO6/IEMbI ITPY BLIMMCTIEHUY YIIOMSIHYThIX TDeAU-
KaTOB BO3HMKAIOT, KOIZIa MHOropa3psiHble UMcia UMEIOT OOMHAKOBYIO IJIN-
Hy 3anucy, T.e. A[0] = B[0].

OLieHMM YMCIIO 1AroB BbIMMCIEHUS 3HaYeHU [peIUKaTOB X =y U X<y
s cryyast, korga A[0] = B[0].

HauuHas co crapiero paspsiga (1.e. ¢ A[A[0]] 1 B[B[0]]) cpaBHMBaeM
3HaueHus uncen B A[i] 1 B[i], moka ouu coBnaznaror. Eciu 11t HeKoToporo i,
Ali)] # B[ij], To x # y. Eu ipu atom A[ig] < B[ig], To x <y, ecnm A[i] > B[iy],
TOX>Y.

Ecv nop, «iiaroM» MOHMMaTh KOMIMYECTBO CpaBHEeHMi «Makpouudp»,
TO o6l1ee YMCIIO «IIaroB» Takoi npouexyps! He npeBocxoaut A|[0].

B o61ieM cTyyae YMUCIO «LIaroB» BbIYMCIEHMSI KKAOrO M3 YeThIPEX
npeaukaToB He nmpeBocxoguT min{A[0], B[0]}, XOTS1 CTOUT NOMHUTb, YTO 3Ta
OLIeHKa JOCTUraeTcs TOJILKO B cryyae, ecivt A[0] = B[0]. B npoTuBHOM Cityyae
YUCJIO «1IaroB» paBHO 1.

1.3.6. BblunTaHMe ABYX MOJMIOXUTENbHbDIX
MHOropaspsiHbix uMcen. OueHKa Y1ucna waros

PaccMOTpUM CHavasia MpoLeAypy BbIMMCIEHUS X — y AJIs CIy4asi, KOor-
Ia x 2 y. [Ipouenypa aHaJIoOrMYHa NpoLexype BbIUUCIEHUS CYMMbl, HO eC/IN
A[i] < B[i], To cnenyert «3aHATb» equuuly u3 A[i + 1]. Kak u B crydae cioxe-
HUSI MHOTOpa3psiIHbIX 4ycell, BBeAEM NepeMeHHYIO d, 3HaueHue KOTOPOii
usHavanbHO paBHO 0. [TocnemoBarenbHo mnst i = 1,..., max{A[0], B[0]} Bbrumuc-
nsieM A[i] - d - B[i] (mod m),rne d — 3to 1 (ecmm Afi - 1] - B[i — 1] - d < 0) unu
0 B IpOTUMBHOM CITy4ae. -

Ipexne yeM 3aHATbCS BbIYMTAHMEM UMCEN X — Y IUISl CTy4asi, KOraa
X <y, CIemyeT oInpenenuTb 3alMCh OTPULLATEIbHOTO YMC/IA. DTO MOXKHO cle-
JlaTh, HarpyuMep, OTBeAsl JONOJIHUTENbHbINA 3M1eMeHT MaccuBa A[-1] wiau
A[A[0] + 1], B xoTOpoM 6yneT xpaHuThcst 0, ecitvt YUCIIO TONOXKUTENbHOE, UITH
1, e uncIo oTpuLaTeNbHOE (MM KaKOW-TO APYroil NMpU3HaK IMOJNOXKU-
TEIbHOCTYU WM OTPULATENbHOCTHM). MOXXHO 3HaK uucia XpaHuth B A[0], HO
TPy 3TOM BO BCeX CJTy4asiX, ONMMCAHHbIX Bbllle, cnenyeT mucath |A[0]l. B mro-
6oM cryyae 6ygem cuntaTh, uTO A[0] > 0 M MMeeTcsl MpM3HAK 3HaKa YMCIA.
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1.3. ApudMeTrka MHoropaspsaaHblx Yucen

Ecnmu x < y, TO MOXXHO, HarpyMep, BIUMUCISITD Y — X, @ 3aTeM pe3yabTaTy
MpUCBaUBaTh IPU3HAK OTPULIATETIBHOIO YMCIa.

ITpu noacyéTte yucsa 1WaroB B 3TOM paszerie MOJ, «11aroM» MOHMMaeTcst
OZHA U3 CJIeAyIoIMX onepauuit: Borumucinenue Afi — 1] - d - B[i - 1] (mod m),
npoBepka ycnoBust Afi — 1] —d - B[i - 1] > 0 v Boiuucnenue d. Kpome Toro,
NpesBapUTebHO NIPOBEPSIETCS YCIOBUE X 2 .

Ob1iee YMCIO «IIAroB» MPY BIYMTAHUY IBYX IOIOXKMUTENBHBIX YMCEI
He npeBocxoauT 4max{A[0], B[0]} + 1, T.e. coctaBasier O(max{A[0], B[0]}).

1.3.7. YMHOXX€eHMe MHOropaspsigHoro umcna
Ha Makpouudpy. OueHKa Yuca Waros

0603Haunm makpouudpy nocpencrsom C. Eciu C = 0, To pe3ynbrat pa-
BeH Hy/0. B npotuBHOM ciyuae d := 0 u nociegoBaTebHO st i = 1, ..., A[0]
BbluncnsieM b := A[i|C + d, A[i] :=b (mod m) ud := [b/m]. Eom nipu i = A[0] BbI-
nonHeHo d # 0, 10 A[0] := A[0] + 1, A[A[0]] :=d.

if C =0 then return {0}

else{d:=0;
fori:=1..A[0] do
{b:=A[i]-C+d,
A[i] := b (mod m);
d:=b/m;
}
5
if d# 0 then
{A[0] :=A[0] +1;
A[A[0]] :=d;

}

3nech o, «iarom» 6yaeM NOHMMAaTh OGHY U3 CIEAYIOLIMX OIepaLuii:
YMHOXeHMe Makpouudp, crokeHue Makpouydp, BHIYMCIEHME HEIOTHOTO
YaCTHOI'O M OCTaTKa OT AeleHus] pe3ynbTaTa MpeablIylyX ornepauyit Ha m.

B ycioBHOM onepartope 1ociie else BINOMHSETCS OOHO MpUCBayBaHue
Y ollepaTop LMK/Ia, B KOTOPOM (TIOMMMO ABYX OIepaLmit, HLOOXOOMMBIX st
OpraHu3anyy LIMKIIa) TPOU3BOASATCS YMHOKEHME, CJIOKEHME O0CTaTKa OT Je-
JIeHUsI Ha m, BbIUMCJIEHMe HeTOHOr0 YacTHOro. Bcero B onepatope Lykia
6 «11aroB».

O6wee yncno onepauyit He mpeBocxoguT max{1,2 + 6A[0] + max{1,3}}=
=5+ 6AJ0], T.e. coctaBnseT O(A[0]).
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MMABA 1. MPOCTEWLLWE OUCKPETHbIE ANTOPUTMbI U OLIEHKM YNCIA UX LLATOB

3ameuanue. YMHOXEHME OBYX Makpoumdp (A1s1 BbIUMCIEHMUS YUC-
na b) — 3To He ofgHa omepalys, TaK Kak 110 IpaBuUiIaM OGbIMHOrO BBIYMC-
JIeHMsI YMHOXXEHMSI U CJIOKEHMSI LIeJIbIX UMCeN B KOMIIbIOTEPE Pe3y/IbTaThl
MIPOMEXYTOYHBIX BbIUMCIIEHMIT 3aMMCHIBAIOTCS M0 MOIYMI0 m. B KauecTBe
YIIpaKHEHUS YUTATENIO ITpeJJIaraeTcsi pa3paboTaTh aIrOPUTM BbIUMCIIEHUS
npou3sBeneHus OByxX Makpouudp b = A[i] - Cu d := [b/m] v npoBepuUTh, YTO
YMCTO IIAroB 3TOr0 A/ITOPUTMA — KOHCTaHTa. IIpy 3TOM OlLieHKa uMeeT BUL,
C'A[0] + 1 u o6mas oueHka O(A[0]) He M3BMEHUTCS.

1.3.8. YMHOXXeHMUe MHOropaspsaHbiX YMcen.
OueHKa yucna waros

ITyctp TpebyeTcsl MEPEMHOXUTb ABa MHOrOpaspsiiHbIX YuciIa, 3aly-
CaHHbBIX B MaccuBax A u B. Pesynbrat 6ygeT 3anucaH B maccuB C, B KOTOPOM
M3HAYyaJIbHO 3anyucaHo ymaio 0.

IMocnemoBarenbHo npu i = 1, ..., B[0] npou3BoAuM cexyouiye geiic-
TBUSL:
1. YMHOXaeM uucio, 3armMcaHHoe B A, Ha BJi] (pe3ynbraTt B maccuse D1)
U 3alUChIBaEM CO CABMIOM BO BCIIOMOraTe/jbHblii MaccuB D HauMHas
¢ D[i - 1] (B mepBble i — 2 3nleMeHTa MaccuBa 3anucbiBaeM 0).

B cootseTcTBMM C 1. 1.2.7 yMHOkeHMe moTpebyeT He Gonee C'A[0] + 1
«11aroB» IpY HEKOTOPOI1 KOHCTaHTe C', HO, yYUTbIBAs 3aNMUCh HyJei, HyXKHO
He 6onee C'A[0] + i «iaroB». 3HaueHue D[0] He ipeBocxoguT A[0] + i.

2. CkiagpiBaeM uucia, 3anucaHHble B MaccuBax C u D (C[0] u D[0] He
npeBocxomst A[0] + i).

C[0]:=1;C[1] :=0;
fori=1..B[0] do
{ D1 := A - B[i]; \ * 3necb npuMeHsieTcs npouesypa

YMHOXXeHUS] MHOropa3spsiIHOro yMcjia Ha Makpouudpy.

for j =0..i-2 do D[j] :=0;

for j =i-3..D1[0] + i-3 do D[j] := D1[j -(i + 2)];

D :=C+ D; \ * 3mecb npuMeHseTCs IpoLenypa
CJIOKeHMSI MHOTrOpa3psHbIX uycell.

}

B cooTBeTCTBMM C M. 1.2.4 UMC/IO «IIArOB» NPU CJIOKEHUM IBYX IOJIO-
SKUTENbHBIX umcen He npeBocxoaut 3max{C[0], D[0]} +1 <3 (A[0] +) +1 =
=3A[0] +3i + 1.
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1.3. ApudMeTrika MHoropaspsaaHbix ymcen

HpOCYMMMpOBaB OLI€HKM B II. 1u 2, nojiydyaem:
Blo) B[0]
D ((CA[0] + i) + (BA[0] + 3i+ 1)) = > ((C'+3) A[0] +4i+ 1) =
i=1 i=l

= (C'+ 3) A[0] B[O] + 2B[0] (B[0] - 1) + B[0] = O(A[0] B[O] + B[O]?).

B npennonoxxenuy, uro B[0] € A[0] (3TO yc1oBMe poBepsieTcsl 3a OAVH
«ar» ¥ B IPOTUBHOM CTy4yae MOXKHO YMHOXaThb B Ha A), TOTyyaeM OLIeHKY:

O(A[0] B[O)).

1.3.9. leneHne MHoropaspsiaHbIX uucesn.
OLueHKa yucna waros

Bynem nom6yuparthb HENOJIHOE YaCTHOE OT Ae/IeHUs YMCeJT X U Y, 3aIMCaH-
HBIX B MaCCUBax A U B, iefieHuieM IIPOMEXYTKa, B KOTOPOM OHO MOXXET HaX0-
IuThbes, nononaM. ITycts L v U — HWKHSIS Y BePXHSIS TPaHULIbI IPOMEXYTKa
COOTBETCTBEHHO, M — 1ie/1asl 4aCTb CepeMHbI TPOMEXYTKa, Z =y + M — uuc-
J10, KOTOpOe OyieM CpaBHUBATbD C AETUMbIM.

IIpu srom 6ymeM mpearnonaraTh, YTO YUCIO, 3alIMCAHHOE B A, 6osblie
YyuCa, 3aMCaHHOro B B (B IPOTMBHOM C/Tyyae HeloJHoe yacTHoe paBHO 0,
a OCTaTOK COBIIaJla€eT C O eIIMbIM).

0. Boi6op HauanbHOro Npubmkenus L u UK OTpe3Ky, B KOTOPOM HaXo-
JUTCS HETIONIHOe YaCTHOe.

1. Beruucnenue cepenuubl M orpeska [L, U]. livHa 3TOro yucia He
npesocxonut A[0] - B[O].

2. YMHOXeHMe 3HaueHUs cepeqyiHbl OTpe3Ka Ha Uucio y,z =y - M.

3. CpaBHeHMe NOITYYEeHHOr0 YMIa C X (Z< X) Vv (Z > X).

Ina wimocTpauyy npuBenEM npumep aelneHus uucen x = 45 973 Ha
y =261 npyu 3anucy 1o 0CHOBaHUIO cucTteMbl cumciaenus 100 (cm. tabi. 1.2).
OyeBUIHO, YTO IIPU JeTeHUM TPEX3HAYHOIO YMC/Ia Ha ABY3HAUYHOE (MMEeIoT-
cs B By Makpouudpsl), 6yneT ogHO3HaYHOe MM ABy3HauHoe. IToaTomy
MMHMMAaJIbHBIM ¥ MaKCUMaJIbHbIM UMC/IAMY MHTEpBaJia JJIsl 3HaUeHMUsT MOX-
HO BbI6paTh COOTBETCTBEHHO 99 1 9 999.

B npuBep€HHOM npuMepe NMOTYKMPHBIM IIPUGTOM BbIAEIEHO 3Haye-
HUe M, IBaXIb! MOSIBMBLIEeCs: B Tabnuile M paBHOe 176, KOTOpoe U SIBJSI-
€TCSl HeIOJMIHBIM YacTHBIM. UTO6bI 3TOr0 He MPOUCXOAWIO, AOCTATOYHO BbI-
YUCISATh Pa3HOCTD X — Z, ¥ eCJIY OHa I101aa B IPOMEXYTOK [0, y), To uncio M
SIBJISIETCS LIeJION YaCThIO OT JenieHus x Ha y. IIpy 3ToM 3HaueHue X — Z paBHO
OCTaTKy OT JeJIeHMs X Ha Y.
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MABA 1. MPOCTEWLUWE OUCKPETHbBIE ANTOPUTMbI M OLLEHKW YACTIA UX LLATOB

Tabnuya 1.2

IIpumep peneHUss MHOropaspsigHbIX YMcesl
€ HayaJbHBIMM npuomxkenusamu L, = 99, U, =9 999

L U M z=yM (Z<x)V(z>x) IIpumeuanne
99 9999 5049 (1317789 (1317789 >45973 L, M]
99 5049 2574 671814 | 671814 >45973 [L, M]
99 2574 1336 348 696 | 348 696 > 45973 L, M]
99 1336 717 187 137 | 187 137 > 45973 [L, M]
99 717 408 106 488 | 106 488 > 45973 L, M]
99 408 253 66033 | 66033>45973 L, M]
99 253 176 45936 | 45936 >45973 M, U]
176 253 214 55874 | 55874>45973 L, M]
176 214 195 50 895 50 895 > 45973 L, M]
176 195 185 48 285 48 285 > 45973 [L, M]
176 185 180 46980 | 46980 >45973 L, M]
176 180 178 46458 | 46458 >45973 L, M]
176 178 177 46197 | 46197 >45973 L, M]
176 177 176 45936 | 45936<45973 M, U]

Kpome TOro, 0ueB1IHO, YTO MPOMEXYTOK [L, U] MOXXHO € caMOro Haya-
J1a cy3uThb 8o [99, 999].

ITomcuyTaeM YUCIIO «IIArOB» BbIMOJTHEHMS ONlepaluii HaXoKaeHus 1e-
JIO¥1 YaCTy OT JeJIeHUsI M OCTaTKa OT JeJIeHUsI ABYX MHOrOpa3psiiHbIX YuCell.
B sTOM paszese mof «iaroM» oHMMaeTcs 1obast U3 oneparuii, BbITIONHE-
HMEe KOTOPO# CYMTANIOCH «IIaroM» B IIpeAbIaylIuX pa3jenax.

Ipexxge Bcero 3ameTuM, uto eciny C — Lieast YaCThb OT Ae/IeHus X Ha Y,
To x=Cy+r, x| =ICIl + llyll + d m ||Cl| = |Ix|| - llyll - d, rne d € {0, 1}. CnenoBa-
TeJIbHO, 3HaueHue C 3aBeloMO MPUHAIJIEKUT OTPe3Ky 10 - lvi=177 ikl - iyl
(ecnmu paccmaTpyuBaeTcCs AecSITUYHas cuctemMa cuucieHus U |lall — mamHa
OeCITUYHOM 3amucy uucia a) wim [mixil-ii= 17 mikl =i (ecy paccmaTtpu-
BaeTcss m-u4yHasl cucteMa cumcieHuss M |lall — onMHa m-u4HOM 3anu-
cu uMucia a). [ivHa Takoro otrpeska He MpeBOCXOmUT mil - — il =iyl -1 =
= mWi- - 1(m - 1),
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1.3. ApudMeTnka MHoropaspagHbix ymcen

KomnuecTBo menennit orpeska nomnonam He npesocxomut log, (U, - L),
rae Uy 1 L, — nepBoHavaIbHble 3HaUeH sl FPaHuLL OTpe3Ka, puyém U, - L, €
< mA%-B0~1(m — 1). Bcero KommMyecTBO AeIeHnii oTpeska nononam log,(U, -
- L) < log,(m#9-80-1 (m — 1)) = (A[0] - B[O] - 1)log, m + log,(m - 1) < (A[0] -
- B[0])log, m.

Js Kakaoro oTpesKa pOM3BOAATCS ollepalyiy, ONMCaHHbIe HMKe:

1. Beraucienye cepeguHbI OTpe3Ka.

JliyHa aroro uucna He npeBocxoout A[0] — B[0]. CioxxeHue ABYX UU-
cen ayivHbl He 6onee, uem A[0] - B[0], B cooTBeTCcTBMM C I1. 1.2.4 coBepIia-
eTcst He 6onee yeM 3a 3(A[0] - B[0]) + 1 «izar». Ha BerumMciieHue ero nonoBu-
Hbl norpebyeTcs emé (A[0] - B[0]) + 1 «uar». Bcero He 6onee 4(A[0] - B[0]) +
+ 2 «1arav.

2. YMHOXeHMe 3HaueHMsI cepefyHbI OTpe3Ka Ha YMUIOo Y.

B cooTtBeTcTBUM C 1. 1.2.8 ymMHOKeHMe uncen ayivHbl A[0] — B[0] 1 B[0]
notpe6yet 7(A[0] - B[0]) B[0] + 2B[0] (B[0] - 1) + B[0] = 7A[0] B[0] + 9B[0]? + B[Q].

3. CpaBHeHMe NOTy4YeHHOro Y1cia C X.

B cootBeTcTBMM C M. 1.2.5 CpaBHEHME TaKUX YMCENT ITPOU3BOAUTCS HE
6onee ueMm 3a A[0] «11aroB».

C/105XMB IOTyYeHHbIe OLIEHKM YMC/Ia «11aroB» ¥ YMHOXXUB pe3y/bTaT Ha
MaKCUMaJIbHO€ KOJIMYEeCTBO TOBTOPOB, IIOTYyYUM:

((4(A[0] - BIO] + 2) + (7A[0] B[O] + 9BIO]* + B[Q]) + A[0])) - log,(U, - Ly =
= O(A[0] B[0] log,(U,, - Ly) = O(A[0] B[0] - (A[0] - B[O])).

B OKkoHYaTeNIbHO OLIeHKe OTCYTCTBYIOT Mapametpsl L, u U, HO oue-
BUIHO, YTO B 3aBUCMMOCTM OT HayaIbHbIX MPUOIMKEHMI1 OyIeT MeHSIThCS
Y YMCJIO WaroB paboTs! AIrOPUTMa. ITO OTPAKEHO B MPEAIOC/IeAHEM BbIpa-
SKEeHUM T10JTYYEeHHO OLIeHKMU.

IIpomenaem pacCMOTpPEHHBIN IpUMep C APYyruMHu, 60see aKKypaTHO
BbIYVCJIEHHBIMY ITPUGIVOKEHUSIMMU.

ITycTh TpebyeTcst BBIYMCIUTD HEMOMHOE YaCTHOE OT JeIeHUsl Yucia
x=45973 Ha y = 261 nipu 3anmMcH 1O OCHOBaHMIO cucTeMbl cuucaeHus 100.
JTU YMCIa JIeXaT B MpoMexkyTKax [4 - 104 5- 104 u [2 - 10%, 3 - 10%] cooTBeT-

4-10° | x| _5-10°
crBeHHO. CiiefloBaTeNbHO, 3107 5|5 [S 3707 U B Kauectse npubmxe-
. y .

Huit (cM. Ta671. 1.3) MOXKHO B3Tb uncna Ly = 133 u U, = 250.
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MMABA 1. MPOCTEMLUME OUCKPETHbIE ANTOPUTMbI U OLIEHKU YUCNA UX LLUATOB

Tabnuya 1.3

IIpumep peneHuss MHOropas3psigHbIX Uycel
C HaYaIbHBIMM NPUOGIVIKEeHUIMU L,= 135, U,= 250

L U M zZ=y M| (2<x)V(Z>X) Ilpumeyanne

135 250 192 50112 50112 > 45973 [L, M]

135 192 163 42543 42543 < 45973 [M, U]

163 192 177 46 197 46 197 > 45 973 [L, M]

163 177 170 44 370 44 370 < 45 973 [M, U]

170 177 173 45 153 45 153 < 45973 [M, U]

173 177 175 45 675 45 675 < 45 973 M, U]

175 177 176 45936 45936 < 45973 [M, U]

176 177 176 45 936 45936 < 45 973 [M, U}
YnpaxueHusI.

1. PaspaborTaiiTe aIropuTM BbIYMUCIEHMS TPOU3BENEHMS ABYX MaKpo-
uudp, pe3ynbraToM pabortsl KoToporo 6yayT ABe MakpouMdpbl: 3HaUeHue
3TOrO IPOU3BeAeHMs 110 MOLY/II0 M U 1iejlast 4YacThb OT AeJIeHUs Ipou3Beze-
Hus Ha m. OLleHUTe YUCJIO ero 1IaroB.

2. Boipa3ure rpaHUIbl HayaJbHOrO NMpUOMVDKEHMSI YaCTHOTO OT Je-
JIEHMSI YMCcell X U Y, 3allMCaHHbIX B MaccuBax A U B yepe3s uucna A[0], B[0],
|lm - 1|| (rme m — ocHOBaHue BbIOPAHHOM CUCTEMbBI CUUCIEHUS ISl TIpel-
CTaBJIeHMs] MHOTOpa3psigHbIx uucen), ||A[A[O]]Il » [IB[B[O]]II.

3. ITopcyuTaiiTe YUC/IO «11AaroB» BHIYMCIEHUS 3HaYEHUsI ITOJIMHOMA IT0
cxeme T'opHepa, ecrii Bce K03hGULIMEHTH! — 3TO MaKpouMdpbl, a 3HaueHue
IepeMeHHOM NpeACTaBIeHO KaK MHOropa3psiHoOe YUcCio.

4, OI.IEHMTe YUCJIO0 «1IaroB» BbIMUCJIEHVSI HAMMMEHbIIIEro 06]1.(61‘0 KpaT-
HOTO IBYX MHOTOpa3psiiHbIX YMCell.

5. OueHuTe YUCIO «LIaroB» BhIYMCIEHMSI Haubonbuiero o61ero aeam-
TeJIsl ABYX MHOrOpa3psHbIX YMCel.

6. PaszpaboraiiTe aJirOpuTM pas/IOKeHUs] MHOTrOpa3psiiHOro yucia Ha
MIPOCTbIe COMHOXUTENY U OLIEHUTE YUCJIO €ro «LIaroB».

u 1.4. COPTUPOBKUA U OLIEHKM
YUCJIA LLATOB

B stom naparpade He 6yayT Mogpo6HO OMMUCHIBATHCS AITOPUTMBI COP-
TMPOBKY, KOTOPbIE XOPOIIO U3BECTHBI Ja)Ke HAYMHAIOIUM CTyAEeHTaM-I1po-
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1.4. COPTUPOBKMU M OLIEHKU YMCNa UX Waros

rpamMmuctaM. Yriop 6yaeT caenaH Ha IOACYET OLIEHOK YMC/Ia IaroB HeKOTO-
PbIX AITOPUTMOB, Ha TO, UTO B 3TUX OLIEHKAaX MMEETCs B BUAY IOI CJIOBOM
«11ar» ¥ KakoBbl ITapamMeTphl 3TUX OLleHOK. [Tonpo6HOoe U3/IoKeHMe pasiny-
HBIX BUJIOB COPTMPOBOK MMEETCSI, HarpuMep, B [5].

B sToMm naparpade 6yaem CYMTaTh, YTO N YMCENT pa3MelleHbl B MacCUBE
a[l..n] ¥ Ux C1enyeT pacIoNOXUTh B ITOPSIIKE BO3PAaCTaHMUSI.

1.4.1. «My3bIpEK»

CaMbli1 IpOCTO¥t U JIETKO NPOrpaMMMUPYEMbIif aITOPUTM COPTUPOBKU
06bIYHO M3BECTEH IOA, Ha3BaHUEM «ITy3bIPEK». B 3TOM anroputme MMeroT-
Cs1 OBa BIOXXEHHBIX HMKIA MO i =2,...,nuj=1,...,i. TeM caMbIM KOJIM4ECTBO
BBITIOJTHEHUIA Tejla LIMKJIOB PaBHO:

n . (n+2)(n-1)
21‘:21 - 2 :

B Tesne uykiI0B cpaBHMBAIOTCS 3HaUeHus ali] u afj]. B cryuae Heobxonu-
MOCTU COIEpP)XaHMs 3JIEMEHTOB MacCUMBa MeHsIOTCS Mectamu. O6MeH 3Ha-
YeHUSIMM TIepEMEHHBIX X Y Y MOXKHO OCYLIECTBUTh C IOMOIIbIO TPEX OIepa-
TOPOB IPUCBaMBaHUS C UCIONb30BaHMEM BCIIOMOraTebHOM IepeMeHHO
Z:Z =X, x:=Y;y =22 Takum 06pa3om, B TeJie LMKJIa KaKablif pa3 BIITOJHS-
eTcs He 6oree YeThIPEX Omeparyii.

Ecmu nop, «irarom» MOHMMATh BBITIOJTHEHME OIlepalyy CpaBHEHUSI ABYX
yyces1 Wiy onepauyy pucBauBaHMsl, TO BCETO «ITy3bIPEK» 3aBepiuaeT pabo-
Ty 3a UMCJIO «ILIar0B», He IpeBocxopsiee 2(n + 2)(n - 1), uto cocrasnset O(n?).

VMeHHO Takas OLieHKa YMCJ1a «IaroB» 3TOr0 aJiIr0OPUTMa MMEETCsI IpaK-
TUYECKU B JII00011 TUTEpaType, [Ie ONMUCHIBAIOTCS a/IfTOPUTMbI COPTUPOBKH.

CriepyeT OTMETUTD, UTO MbI He YUJIM KOJIMYECTBO OIepaTOpPOB yBeIuue-
HUS NIepeMeHHOM LMKIIa Ha 1 ¥ onepaTtopa CpaBHeHMs1 3HaueHMs [lepeMeH-
HOM IIMKJIa C rpaHuLel HMKIa. TO MOBANSIET Ha MYJIbTUIUIMKATUBHbIN COM-
HOXMTeJIb, HO OLl€HKa BCE paBHO ocTaHeTcs O(n?).

[TocMoTpMM, KaK MU3SMEHUTCS [TOTyYeHHasl OLIeHKa, eC/IM B MaCCUBE Xpa-
HSITCSl MHOTOpa3psigHble uucia. ITycTb kK — MakCMMaIbHOE KOIMYeCTBO MaK-
pouudp B COPTUPYEMBIX MHOroOpaspsiiHbIX uuciax. Torma mof «marom»
clenyeT NOHMMAaTbh COOTBETCTBYIOLME ONepauyy ¢ Makpouudpamy, U Kak
ornepauusi CpaBHeHMsI, TaK U OrepaLusi PUCBaUBAHUSI MHOrOpa3psiiHbIX

? MOXXHO He MCIO/Ib30BaTh BCIIOMOTaTe/IbHYIO NIepeMEHHYI0, HO MpU 3TOM
Tpe6yeTcst BBIIIONHUTD C/IOKEHMe JBYX UMces U JBaKAbl BbIYMTaHME ABYX UMCEN:
X:=X+Y;, YI=X-y;X=X=).
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MMABA 1. MPOCTENLWWE OUCKPETHbIE ANTOPUTMbI U OLIEHKM YUCNA UX LLATOB

YCeJT OCYLIECTBIISIETCS He 6oee ueM 3a K «I11aroB», CyMMapHOe YMCIIO0 «1ia-
roB» He rmpeBocxonut 2k(n + 2)(n - 1), uro cocrasnsiet O(n?k).

OTMeTHM, YTO aHAJIOrMYHasl OLIEHKAa MIMeeT MeCTO U B CjIydyae, eciu
C1eayeT YIIOpSAOYMTD Mo aaBUTy MaCCUB U3 CJIOB IIPOM3BOIbHOM AJIVHBIL.

1.4.2. CopTupoBKa cnusHuamMu ¢oH HemMmaHa

OnHMM U3 cambiX 3G GEKTUBHBIX 10 BpEMEHY aJITOPUTMOB COPTUPOB-
KM IIPOU3BOJIbHBIX MacCUBOB SIB/ISIeTCSl atzopumm ¢on Heilimana (copmu-
poska causHusmu). bynem npenronararth, UTO JJMHa MaccuBa n = 2. Ecinu
3TO He TaK, TO JOIOJTHUM €ro 04eHb 60/IbIIMMM YMcIaMU. BOT ero onucasue.

1. Pa306béM MaccuB Ha napsl (a2i - 1], a[2i]) (i=1,..., 2¢~!) 1 ynopsigo-
YUM 3JIEMEHTDI B K&KI01 Mape.

n .
1o norpebyet 2" 2t-1 cpaBHEHMIt yucen U He Gosee yeM Takoe ke

KOnMyecTBo 06MEHOB 3HaUeHMI1 JIeMEHTOB MaccuBa. Becero He 6onee yem
4 - 2t~ «uIaroB».

2. Buuknenoj=1,...,t - 1 «cMBaeM» yKe yIIopsiioueHHble Habopb! U3
2/ aneMeHTOB (TIEPBbI1 CO BTOPbIM, TPETUIA C U€TBEPTHIM, (217 — 1)-it ¢ 2¢-/-M).
B pesynbTate noayuum 2t-/-! yropsgoueHHbIX Habopa u3 2/*! aneMeHTOB
KaKObIiA.

«CnusiHMe» ABYX YIIOPSAI0YEHHbIX HAOOPOB AIVHBI 2/ B OIMH YIIOPSIAO-
YeHHbIi1 Habop AyIMHbBI 2* ! MOXKeT ObITh TPOU3BENEHO CIENYIOMUM 06pa3om:

m=1k=1;1:=1;n:=2* 4 «uara»
Clenyiolye orepalyy BbIIOMHSIOTCS 2/* ! pa3
whilem<ndo 1 «urar»
{if A[k] < B[I] then 1 «rar»
{C[m)] :=A[k]; k ==k +1;} 2 «mara»
else WIU 2 «1ara»
{Clm] :=B[l];1:=1+1;}
m:=m+l; 1 «urar»

}

Bcero 4 + 5 - 2*! «imaros». Takux CIMSTHUIA TTPU j-i1 MUTE€paLy IIPOU3BO
n 2!
2.2/ 2
+2*1.5)=4.2t-i-1+ 5. 2t=0(2% = O(n) «11aroB».
KonyuuecTBo uTepaumit paBHo t. YuuthiBas, 4To t = log, n, monyyaem
O(n log, n) «iaros.

OUTCS =2'""', To ecTb IIpH j-i1 UTE€paLM BHITIONHSETCS 2t 7~ 1(4 +
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1.4. COPTUPOBKU U OLIEHKU YMucna ux Wwaros

VyuThIBasi 3aMeYaHMe K aJITOPUTMY COPTUPOBKM <ITy3bIPEK» IPU COP-
TUPOBKE MHOIOpaspsIIHBIX YMCEN WIM CIOB B 3alaHHOM ajiaBuUTe B 3TOM
olieHKe TpebyeTcs HomyucaTh MYIbTUIUIMKAaTUBHBI COMHOXMTENb K, rae k —
MaKCMMAaJIbHOE KOJIMUYECTBO MaKpoLM(dp B MHOropa3psigHbIX YMC/IaxX MY MaK-
CUMMaJbHasl /IMHa COPTUPYeMbIX uMcel, T.e. ouleHKka umeeT Bu O(kn log, n).

1.4.3. CopTUpOBKa NOACYETOM

Bo mHormx yye6HuKax ¥ MOHOrpagmsx (CM., Harpumep, [5]) yTBepxk-
JlaeTcsl, YTO HUKAKO¥ aJIrTOPUTM COPTUPOBKM HE MOXeT MMETb OLIEHKY UMC-
Jla aroB MéHbIylo, yeM O(n log, n). OmHaKo 3Ta COPTMPOBKA MMEET OLIEHKY
O(N). B uém peno u Kakas pasHuIla MexXay apameTpamu n u N? Pa36epém-
CS1 B 3TOM aJITOPUTMe.

ITyctp TpebyeTcst OTCOPTMPOBATh MACCUB LIEJIBIX TTOMIOKUTEIbHBIX UU-
ceJ1, HaubosblIee U3 KOTOPbIX paBHO N. 3aBelEM BCIIOMOraTe/IbHbIif MacCUB
¢[1..N], 3HaueHus1 37IeMEHTOB KOTOPOro NepBOHAYaJIbHO paBHbI 0.

B umkne no i = 1, ..., n 3HaueHue c[afi]] yBennuuBaemM Ha €IMHMULLY
(n «1aroB»).

Buuknenoj=1,...,N,ecu c[j] # 0, To ouepenHsIM c[j] 3neMeHTaM Mac-
CUBa a MPUCBaUBAEM j.

for (i=0;i<n;i++)
clafi]]++;
k=0;
for (i=0;i< N;i++)
for (j=0;j < c[i]; j++)
alk++] =1;

OueBUAHO, YTO CJieAyeT MPOCMOTPETh ABA MacCUBa OJMHOMK n U N
U IMb0 yBeNMUUTH 3HAUEHMe 37eMeHTa Ha 1, 160 npou3BecTy MpUcBamuBa-
Hue. Becero O(n + N) «11aros».

EcTecTBeHHO, YTO IpU COPTUPOBKE MHOrOPa3psiAHbIX YUCEN 3TY OLeH-
Ky ciegyeT yMHOXMTD Ha k: O(k(n + N)).

CremyeT 3aMeTUTb, UTO YMCJIO N — 3TO KOJIMYECTBO 37IEMEHTOB B Mac-
CMBe (AJ1MHa MaccuBa), a N — 3TO 3HaueHye CaMoro 37ieMeHTa, TPU4YEM MaK-
cuMasibHOro. B 06imem cryyae N MOXeT 3KCTIOHEHLIMAJIbHO 3aBUCETh OT N.
Ho eciv N HaMHOTO MeHbliIe n WM pasHOCTb A = max, afi] — min, a[i] umeet
TOT JKe MOPSIA0K, UTO U N, a rpaHULIaMM MacCyBa C SIBJISIIOTCS YMcIa max, afi]
1 min, afi], TO KOJMYECTBO «IIaroB» paboThl alrOPUTMa Je/iCTBUTEbHO JIU-
HeJfHO OTHOCUTEJIBHO N.
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&) rnaBA 2. AnroPUTMBI HA rPA®AX

a 2.1. PA3JIUMHDIE CMOCOBbI
MPEACTABJIEHUA NIPADGA B KOMIMbIOTEPE
M OLLEHKU YMUCJIA LLUAIOB PELLEHUSA
NMPOCTENLLUX 3A0AY

B sTom yue6HOM roco6uu He OymyT u3naraTbcsl HU Teopus rpadoB, HU
IrOpUTMbI Ha rpadax, Tak Kak 3TOT MaTepyuai U3ydaeTcs Ha MIaJlyX Kyp-
cax CrielMaJbHOCTe, CBSI3aHHBIX C TPOrpaMMMpOBaHueM Uy MHGOpPMaTU-
Koit. JKenarouiyie MOTyT OCBEXXKUTb 3TOT MaTepual, Harpumep, B [6, 7, 8].

Huice 6ydym ucnonv3oeansl ciedyroujue 0603HaueHusA:

V — npou3BoIbHOE KOHEYHOe MHOKECTBO;

E — nogMHOeCTBO MHOXXeCTBA ABYX3/IEMEHTHbIX ITOAMHOXECTB MHO-
xectBa V;

G=(V, E) — rpad c MHOXeCTBOM BeplIMH V U MHOXeCcTBOM pébep E;

A — IIOAMHOXeCTBO MHOXXECTBA YIIOPSA0YEeHHbIX ITap MHOXecTBa V;

G=(V,A) — oprpad ¢ MHOXXeCTBOM BepIIH V ¥ MHOXECTBOM AyT A}

n — KOJIMYECTBO BEPUIMH B rpade;

m — KonuuecTBo pébep B rpade;

N(V) — OKpyKeHue BepIIMHBbI V, T.e. MHOXXeCTBO BepIIVH, CMEXHBIX C V;

OUT(v) — MHOXeCTBO BepIlIMH oprpada, HernocpeACTBEHHO AOCTVKMU-
MbIX U3 V;

IN(v) — MHOXeCTBO BepiMH oprpada, “3 KOTOPBIX V HEIOCpeACTBeH-
HO JOCTVIKMMA,

deg(v) — cTeneHb BepIIMHbI V, T.€. KOMMYECTBO BEePIUMH B OKPY>KEHUM

W, — Bec pe6pa {v, v} un pe6pa (v, V) BO B3BEllIeHHOM rpade.

BygyT nomydeHsl OLeHKM YMC/Ia 11aroB airOpUTMOB, OCHOBaHHbIX Ha
obxope rpada, anroputma JJeiiKCTpbl HAXOXKAEHUS KpaTyaiilero myTH, aj-
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2.1. Pa3nuyHble cnocobbl NnpeactaBneHna rpada B KOMNbIOTEPE...

roputMa [IpMMa HaxoXIeHMsl 0CTOBa MMHMMAJIbHOTO Beca, airopuTMa Ha-
xoxgeHust TaMMIbTOHOBA LIMKIA M aJIfOPUTMa reHepalyuy BCeX He3aBU-
CUMBIX MHOXecTB. K umMcty anropuTMoB, OCHOBaHHBIX Ha obxome rpada,
OTHOCSITCSI, HAIIpMMED, BbIeJIEHMEe KOMIIOHEHT CBSI3HOCTH, ITpoBepKa rpada
Ha JIBYIOJIBHOCTD Y BBIIEJIEHME JJ0TIeit, HAX0XOeHue OCTOBa rpada, Haxox-
IeHue 1yKiIa B rpade ¥ MHOTMe ApyTHe.

[Ipu oueHKe uMCIa LIAroB pelIeHMsl 3aiay, CBSI3aHHBIX C 00X0H0M
rpada, 60bIlI0e 3HaYeHMe MMeeT crtocob npencrasiaeHus rpaga. Paccmot-
PUM HEKOTOpble U3 IIMPOKO PacCIpOCTPaHEHHBIX CIIOCOGOB IpeaCTaBie-
Hus rpada 1 OLIEHMM YMCIO LIaroB HaXOXKAEHMUST BCEX BEPIIMH, CMEXHBIX
C 3aJaHHOIA.

2.1.1. MaTpuua CMEXXHOCTH

Martpuiia cMexkHocTH rpadha — 3To KBafipaTHast MaTpuLa A
ThI KOTOPOI1 OTpeae/NeHbl TaK:

3JIeM€eH-

nxn’

o= 1, ecnu{v,.,vj}eE,

y

0 wunave.

[Ipu o6xone rpada B MIyOMHY WIM B IUMPUHY IJIS KOKA0M BEpIIVHBI
Heo6XoAMMO IpOBepUTH BCe (TIpu 06xofe B ITy6MHY — MOCTENEHHO, a IpU
o6xoze B LIMPUHY — CPa3y) BepIIMHBI, CMEXHbIE ¢ AaHHOiA. [Ipy ucnonb3o-
BaHMM MaTpULbl CMEXHOCTH 111 OLHOM BepIIMHBI 3TO MOXHO CHOEe/NaTh 3a n
IPOBEPOK TOTO, CJIEAYeT JIY ITIOMellaTh BePIIMHBI B CTEK WIM B o4epeab. JTa
MpoLieAypa BbITOMHSETCS 1S KAKAO0M U3 n BepILUMH.

STUM 0GBSICHSIETCS TO, YTO AJITOPUTMbI, OCHOBaHHbIE Ha ob6xoze rpada
B IYOMHY MM B LIMPUHY IIPU NIpeACTaB/leHuy rpada MaTpuLei! CMEXHOC-
TH, MMEIOT OLIEHKY UMciia maros Buga O(n?).

Ins oprpada sneMeHTbI MaTPULIbI CMEXXHOCTY OTIPEAE/ISIFOTCS TaK:

1, ecnu {v,., vj} €A,

a; =
0 wuHaye.

PaccyxmeHnsiMu, aHaJIOTMYHBIMY TaKOBBIM [17151 HEOPMEHTUPOBAHHOTO
rpada, nonyyaeM OLleHKY uMciIa aroB Buaa O(n?).
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TMABA 2. ANTOPUTMbI HA TPADAX

2.1.2. CNUCKWN CMEXHOCTH

CIMCKY CMEXHOCTY — 3TO OLHOMEPHbII MacCUB, i-M 37IEMEHTOM KOTO-
pOro SIBJISIETCSI CITUCOK BEPIIMH, CMEXHBIX C V,, T.€. OKPY>KEHUE BePIINHBI V,.

OueBUAHO, YTO JJIS HAXOXKAEHUS BCEX BEPLIMH, CMEXHBIX C V, Tpeby-
eTcst deg(v) npoBepok. [IpocyMMMPOBaAB 3Ty BEIMUYMHY I10 BCEM V, I10/Ty4aeM
z, . ,deg(v) =2m?,

STUM 0OBSICHSIETCS TO, YTO AITOPUTMbI, OCHOBaHHbIE Ha 06xoze rpada
B [TyOMHY WM B IUMPUHY IIPU NTpefCcTaBlenuy rpada CiucKaMy CMEXHOCTH,
MMEIOT OLIEHKY UMc/Ia maroB Buga O(n + m).

Insa rpadoB ¢ pasHbBIMM CBOMCTBaMM 3Ta OLIEHKA MOXXET ObITh BUOU3-
MeHeHa.

Eciv rpad siBisieTcst ;e peBoM WM JIeCOM, TO M < n M1 OLIeHKa MPUHUMa-
et Bug O(n).

nin-1)

Ecnu rpad nonHslit, To m = —5 VM OLEHKa IPMHMMAET BUJ, o(n?.

Ecu creneHy Bcex BepliMH rpada He IPeBOCXOASIT HEKOTOPO# KOHC-
TaHTh! C (CYlIeCTBEHHO MEHbLIE, YyeM n), To m € Cn Y OLleHKa IPUHMUMaeT
Bug, O(n).

Ecnu rpad cBsi3eH M cTeneHy BepliyH NMPOU3BOIAbHBL, TO M 2 n — 1
U OlieHKa puHuMaet Bug, O(m).

Inst oprpaca CIMCcOK CMEXHOCTH ISl BEPLIMHBI V COCTOMT U3 BEPLIUH,
Bxoasyx B OUT(v) (mm B IN(v)). ITockoneky X, IOUTW)|| = Z, _ , IINW)I| = m,
TO PacCy)KAEHUSIMM, aHAJIOTMYHBIMY TAKOBBIM JjIsl HEOPMEHTUPOBAHHOTO
rpada, moyyaem OLieHKy uMcia maros Buaa O(n + m).

2.1.3. MaTpmua MHUMAEHTHOCTH

MaTtpuua MHUMAEHTHOCTY rpada — 3To MaTpuua B | a/eMeHThI KO-

nxm?
TOpOi;l onpeneyieHbl Tak:

_{1, ecnu v, €e;,
=

0 wuHaue.
OCHOBHBIMM CBOJCTBaMM TaKO¥ MaTPULIbI ABJSIOTCS CIeQyIomMe ABa:
n m
Zi=l bii =2, Zj:l bii = deg(v,')'

3 3ech UCIONb30BaHa JileMMa O pyKomnoxaTusx: «Cymma crereHeit BepumH
rpada paBHa yABOEHHOMY KOIMYECTBY pEGepy.
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2.]. Pa3anuyHble cnocobbl NpeacTaBneHmna rpada B KOMMNblOTEPe...

Ecmm mist BepiivHbl He06X0OMMO ITPOBEPUTH BCE BEPIIMHBI, CMEXXHBIE
C AAHHOM, TO IPUIETCS B CTPOKE, COOTBETCTBYIOIIEI 3TOi BeplIMHe, HaliT!
BCE CTONMOLIbI, Ha IEPECEeUEHIM C KOTOPHIMM CTOMUT 1 (M MpOBEPOK), U B KaX-
JIOM U3 3TUX CTOJIGIIOB HAITU CTPOKY, Ha TIepeceyeHuy ¢ KOTOpoit ctout 1
(n nposepok). Beero He 6onee uem deg(v)n + (m - deg(v,).

[TockonbKy 3T OnlepauMy CJiefyeT MpoAenaTh 4JIsl KKIO0M BepLUIMHBI,
TO BCETO MMeeM:

D (deg(v)n + (m-deg(v))=ny. (deg(v)+nm+
+ " deg(v)=2nm+nm-2m=3nm - 2m.

3TUM 06BICHSETCS TO, YTO AITOPUTMBI, OCHOBaHHBIE Ha 06xoze rpada
B ITyOMHY WIM B IIMPUHY IIPU IIpeACTaBIeHny rpada MaTpuLieit MUHLIMIEHT-
HOCTM, UMEIOT OLIeHKY uucia maroB Buga O(nm).

2.1.4. Maccusbl VU E

KoHeuHo, Bpsif, 11 HaOETCs MPOrpaMMMUCT, KOTOPBI BbIOMpAeT CIIo-
cob 3amaHus rpada Ha OCHOBAaHUM €ro ONpeneNeHusl, T.e. C IIOMOLIbIO Of-
HOMEPHOro MaccuBa V, B KOTOPOM XpaHSITCS MMeHa (MM HoMepa) BepIlyH,
U IByMepHOro Maccua E, B KOTOpOM XpaHSITCS Napbl HOMEPOB CMEXHBIX
BepiiMH. OqHaKo B 1. 4 HaM NpPUAETCS UMeTb Ae/I0 MMEHHO C TaKUM CII0-
coboM 3aanud rpada, Mo3TOMy CJIeAyeT II0Ka3aTh, YTO OH JOCTATOUHO 3¢-
(hekTMBEH.

Ipexxne Bcero no maccuBy E mocrpoum MaccuB E', B KOTOPOM BMeC-
Te € Kax0it mapoit {v, v;} npucyTcTByer napa {vl.,v,.} (HOBBIIT MacCUB BIBOE
IUIMHHEee MCXOOHOr0), U OTCOPTUpYEM €ro Mo HOMepy IEepBOro 3jeMeH-
Ta napbl. Bmecre c anemeHTOM Vv, MaccuBa V 6yzieM XpaHUTb HOMEp CTPOKM
MaccuBa E', B KOTOpOJi BIiepBble BCTpeYaeTcsi apa Buaa {v,, u} uist HEKOTo-
pOJi BepILMHBI U.

daKTHUYeCKU NOTYyYeHO NpeacTaBaeHue rpaga CrmMcKaMy CMEXHOCTH,
KOTOpble 3anucaHbl B MaccuB E' jnyHbl 2m. [1nst ero 3anucy norpebyercst
2m npucBauBanuit 1 O(m log m) cpaBHeHMIt ¥ IpUCBaMBaHMIA IIPU COPTU-
pOBKe.

C/10)XMB OLIEHKY YMC/Ia NpeBapUTENbHbIX 1IAroB M OLEHKY YucIa 1ia-
rOB aJITOPUTMOB, OCHOBAaHHBIX Ha 06xofe rpada B NyOMHY WIM B LIMPUHY,
nomyunum O(m log m) + O(n + m) = O(n + m log m). Bce KoMMeHTapuu K 3TOM
OLIeHKe, HalyCaHHbIe B pa3f. 2.1.2, 0CTal0TCA ClIpaBeIMBbIMM.
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MMABA 2. AMTOPUTMbIl HA TPA®AX

u 2.2. OLLEHKU HYUCJIA LLATOB
HEKOTOPbIX CTAHOAPTHbIX AJITOPUTMOB

2.2.1. AnropuTM [leMKCTpbl MOUCKA
KpaTyaulliero NnyTu BO B3BELWEHHOM
OPMEeHTUPOBaHHOM rpade. OLeHKM YMcna Waros

3anan B3BeueHHblit oprpad G = (V, A) (Bce Beca W, NIOJIOXXUTEIbHbI)
U [IBE BblOE/NE€HHbIE BEPUIMHBI S — CTapT U f — HUHMIL. lI‘pe6ye'rc51 HaitTn
KpaTyaiunit ImyTh U3 S B f.

BBogsTCS ABa BCIIOMOraTeIbHbIX MacCuBa pre U d, B KOTOPbIX XPaHST-
Cs1 MpebiAyIlas BepliMHa B KpaTyaiilieM (Ha JaHHbIII MOMEHT) ITyTU U3 S
B V, ¥ (M3BECTHASl Ha JAHHbI/l MOMEHT) Be/IMUMHA STOrO KpaTyaiIuero pac-
CTOSIHMSL.

1. pre := o, BepuIMHY S TOMeYaeM.

2. Ing Bcex BepuminH u € OUT(S) menaeM npucBauBaHus pre(u) :=s;
d(u) =w,,

3. Cpenyt HEIOMEUYEHHbBIX BEpUIMH U, Y KOTOPBIX pre(u) # © HaXoAUM
BepuMHy v = arg(min d(u)). [lomeyaeM BepuIMHY V.

4, TlepecunTbIBa€M 3HAYEHMUSI MAaCCUBOB pre M d IJis1 HEIIOMEeUEeHHbIX
BepuyuH u u3 OUT(v).

Ecmu d(u) > d(v) +w, , To {pre(u) :=v; d(u) := d(v) +w,}.

5. Ecm v # f, To Bo3BpalaeMcsl K BbITIOTHEHUIO 11. 3. ViHaue airoputm
3aKaHYMBaeT paboTy 1 KpaTyailliMM ITyTEM U3 S B f IBNSIETCA S, ..., pre(pre(f)),
pre(f), f.

B 11. 1 coBepiiaeTcst n npucBaMBaHMUIA.

B 1. 2 coBepuiaetcs 2 ||OUT(s)|| npucBauBaHMii.

BeinonHeHue 1. 3, 4 u 5 npousBoautcs He 6onee uem n — 1 pas.

Ipu i-M BbINOMHEHUM TI. 3 KOJIMYECTBO HEIIOMEUYEHHBIX BEpIIMH He
MIPEBOCXOIUT N — i, Y, CJIeOBaTeNbHO, HAXOXAEHMe BepIIMHBI, JOCTaBIISIO-
mieit max d(u), Tpebyet He Gonee n — i — 1 cpaBHEHMIA.

B 1. 4 BeinonHseTcs He 6onee ||OUT(V)|| cnoxenwit, ||OUT(v)|| cpaBHe-
Huit 1 2 ||OUT(v)|| npucBauBaHMiA.

B 1. 5 BBINONHSETCS OAHO CPaBHEHMe.

[IpocyMMupoOBaB NnoryyeHHble OLIeHKU, UMeeM:

n-1
n+ 2 JOUT(s)I+ ), (n—i-1+4|OUT(v)ll+ 1) =
i=1
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2.2. OUEHKM YMCNa WaroB HeKOTOPbIX CTaHAaPTHbLIX aNropuUTMOB

=n+2||OUT(s)||+ n(n - 1) - +4m<

< ”(”2 "D L gm— 1= 0@ + m) = O(nd).

(n=1)n-2)
2

2.2.2. AnroputM P. MpumMma HaxoXXaeHUusa ocToBa
MUHUMaNbHOro Beca. OLeHKU YUCa Laros

3anaH B3BeleHHblit rpad G = (V, E), Bce Beca W, IONIoXuTeNbHBL. Tpe-
6yeTcst HAlTV OCTOB MMHMMAaJILHOTO Beca.

He ymansist o6uHoCTH, 6yieM cuMTaTh, UTO rpad CBSI3eH M ULIETCS OC-
TOBHOE JilepeBO MMHMMAaJILHOTO Beca.

BBogsTCS ABa BCIOMOraTe/lbHBIX MaccuBa m U d, B KOTOpPbIX m[i]
u d[i] — 5T0 HOMep BepIIMHbI, CMEXHOJA C V, B OCTOBe, 1 Bec pebpa {v, m|i]}
COOTBETCTBEHHO.

1. d := . Bei6MpaeM NpOM3BOILHO BEPIUMHY V,, IOMeYaeM e€ KaK BO-
HIeALIYIO B OCTOB.

2. Hnﬂ BCex BepuinH u € N(v,) Aenaem mpucsaMBaHus mluj :
d[u] = Voll

3. Cpeny HeltoMeYeHHbIX BepPUIVH U, Y KOTOPBIX d[u] # ©°, HAXOOUM Bep-
umMHy v = arg(min, d[u]). llToMeyaeM BepLIMHY V KaK BOLIEUIYIO B OCTOB.

4. [lepecunTbIiBaEM 3HaUYEHUSI MaCCUBOB m U d AJis1 HEIIOMeYeHHbIX
BepUIMH U U3 N(V).

Ecm d[u] > w,,, T0 {m[u] :=v; d[u] :==w,}.

5. Ecmu umeroTcs HelmoMeyeHHble BepIIMHBI, TO BO3BpalllaeMCsl K Bbl-
NOJIHEHMIO 1. 3. IHaye airopuTM 3aKaHYMBaeT paboTy U B OCTOB BXOAST BCE
pé6pa Bupa {u, m{u]} (u # v,), npuuéMm Bec ocToBa paseH X, ,, d[u].

OI_IEHKM Yypcijia maroB paGOTbI 9TOr0 aJITOPUTMAa aHAJIOTUMYHBI OLI€EHKaM
YMCJIa IIAroB airopuTMa J1eiikeTpsl 3a UCKJIIOUeHMEM TOrO, YTO B I1. 4 He Bbl-
TIOJIHSIETCS Ollepalys CIokeHus. B pesynbTaTe nonyyaem:

n-1

n+2deg(v) + D (n—i-1+3deg(v)+1) =
i=1

+3m<

=n+2deg(vy) +n(n-1) - (i_l)én—_z)

”("2 D\ 3m—1=0(2+m)=0m).
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TNABA 2. ANTOPUTMbI HA MPADAX

2.2.3. HaxoxxpeHue NAMUNLTOHOBA LIMKNA.
OLEeHKM Yucna waros

ANroputM HaxoxmeHus 'aMMIBTOHOBA LMKIA Ha TEpPBbIA B3IJISL
OYeHb HalloMMHaeT 06xof rpada B mry6uHy. OMHAKO IpU yoaIeHUY BepIIn-
HbI U3 CTEKa aJITOPUTM «3a6bIBA€T», UTO 3TY BEPIIMHY YIKE MOCEI AN, AJIro-
PUTM 3aKaHYMBAeT paboTy, eCIM B CTEKE HAXOAATCS BCE N BEPIIMH U Kpaii-
HJ€e BEPUIMHBI B CTEKE CMEXHBI.

B pesynbTaTe ec/iu BbINMCATh B BUIE iepeBa BCe BO3MOXKHbIE COZlepiKa-
HUS CTeKa, TO KaKast BepIIMHa V UCXOAHOro rpada MOXET 0Ka3aThCsl B 3TOM
zepeBe He 6osnee yuem deg(v) pa3. I kaxxzmoe MosiBjieHue BepLIMHBI V B epe-
Be MIMEET TaKYI0 JXe CTereHb BePIIMHBIL, YTO U V. KpoMe TOro, BbICOTa TaKOTr0
JlepeBa He MPeBOCXOIUT N.

CyMMapHOe KOJIMYeCTBO IOCelleHMit BepIIMH He mpeBocxoaut d" - 1,
rae d = max(deg(v) - 1), 1 He MeHblIIIe N, e TaMUIBTOHOB LMKII GbUT Hajt-
IleH npu riepBom obxoze rpada.

Takum 06pa3oM, NpenJIOKEHHbI 3[eCh aIrOPUTM HaxoxaeHus la-
MWIBTOHOBA LIMKJIA B rpade MMeeT 3KCIIOHEHIMAIbHYI0 OTHOCUTENbHO KO-
JIMYecTBa BepuIyH B rpade OLeHKY YMc/ia LIaroB.

MO>XHO BO3pa3suTh, UTO 3TO HE eIMHCTBEHHBI (M He caMblit 3¢ eKTUB-
HbIi1) aITOPUTM HaxoxaeHust [aMuabTOHOBA LMKia. Huske, B 1. 4 6yneT oT-
MEUYEHO, UTO B HaCTOsII[ee BpEMS He CYLeCTBYET aJITOPUTMa, KOTOPbIit Obl
110 3ajaHHOMY rpady 3a IOJIMHOMMAIbHOE OT AJIMHBI €ro 3any1cu YUCIO Lia-
roB OTBeYaJ Ha Borpoc, umeet i rpad lamuasToHOB UMKI. Y Tem 6Gonee
B HaCTOsIIee BpeMs He CYLIeCTBYeT aIF0PUTMa, KOTOPbIi Obl 110 3alaHHOMY
rpacby 3a IMOJIMHOMMUAJIbHOE OT OJIMHbI €ro 3arnmcy 4YmMcjio maroB CTpouJi ta-
KOi1 LIUKJI.

2.2.4. CBA3b MeXXAY NOHATUAMMU
«HE€3aBUCUMOE MHOXXECTBO», «BepLUUMHHOEe
noxkpbiTue» n «KJIMKA»

Onpepnenenue. MHOXeCTBO V' HasbIBaeTCsl BePIIMHHBIM ITOKPBITH-
em rpacda G = (V, E), ewmm Bcsikoe pebpo rpada MHUMOEHTHO HEKOTOPOi
BepuyHe u3 V',

Vuv({u,v}e E> ue V'vveV)).
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2.2. OUeHKU YUcna Wwaros HEKOTOPbIX CTaHAapPTHbIX aNropuTMoB

Onpenenenne. MHOXXeCcTBO V' Ha3bIBaeTCsl He3aBUCUMMbIM MHOKeC-
TBOM rpada G = (V, E), et HUKaKye IBe BEPIIMHBI U3 V' He CMEXHBI.

Yuv(ue V'&ve V) {u,v} ¢ E).

Onpenenenue. MHOXXeCTBO V' Ha3biBaeTcsi KNMKo# B rpage G = (V, E),
e/ JTo0ble IBe BepIIMHBI U3 V' CMEXKHBI.

Yuv((ue V'&ve V) - {u,v} € E).

Teopema 2.2.1. Cnenymouye yTBepyKaeHMsl paBHOCWIbHBI:

1. V' aBnseTcst BepIMHHBIM NOKpbITHEM B G = (V, E).

2.V \ V' sBnsieTcs He3aBUCUMbIM MHOXeCTBOM B G = (V, E).

3.V \ V' aBnsercs knukoit B G = (V \ V', E).

Ing mokasaTenbCTBa 3anuiieM (Gopmysbl, Onpenensolye COOTBETC-
TBYIOLIME TIOHSTHS, AJISI KOKIOr0 U3 YTBEPXKAEHUI TeOpeMbl:

L. Vuv({u,v}e E> (ue V'vve V).
2.Vuv((ue VAV &veV\V)> {u,v} e E)
Vuv({u,v}e E»> -(ue V\V&veV\V) o
Vuv({u,v}e E-> ug V\Vvveg V\V))
Vuv({u,v}e E> ueVvveV)).
3.Vul(ue V\V'&ve V\V)> {uv}e E) o
Vuw{u,v}¢ E>-ue V\V&veV\V) o
Vuv{u,v}e E5>ug V\Vvvg V\V) o
Yuv({u,v}e E—> (ue V'vve V).
TakuM 06pa3omM, HaJIMuMe aArOpUTMa HaXOXKOEHMUSI OAHOIO M3 3TUX
MHOYXECTB BepIIMH B rpade BIeUET HaIMuue airopuTMa C TaKOii JKe BbIUMC-
JIMTENIbHOM CIOKHOCTBIO HAXOXKIEHMS OCTaBIUMXCS ABYX MHOXKECTB.

2.2.5. ANropMT™M NOCTPOEHUA MAaKCUMAJIbHOMN KJIUKM

Omnpenenenue. Knuka B rpade G = (V, E) Ha3bIBaeTCSi MAKCMMAJIbHOM,
ecnu mobas BepuivHa rpada, He BXOAs1Iast B He€, He CMeXXHa XOTs 65l € of1-
HO1 BepIIMHO 3TOM KIMKHU.

CaMblit MHTYMTUBHO NPOCTO¥ aJITOPUTM IOCTPOEHUSI MaKCUMAaJIbHOM
KJIMKM 3aKJII04aeTCs B [TOTHOM Iepe6ope Bcex BO3MOXKHBIX roarpagoB pas-
Mepa k ¢ TPOBEPKOi1 TOrO, SIBISETCS JIU XOTSI ObI OOVH U3 HUX IIOTHBIM. DTOT
anroputM He3(deKTUBEH, ITOCKOIBKY YMCI0 MmoAarpados ¢ k BepliMHaMuU
B rpace C n BeplIMHaMy paBHO 3HaYeHUI0 6MHOMMaIbHOro Ko3dduumeHTa:
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TMABA 2. ANTOPUTMbI HA TPADAX

p__nt
" kNn-k)

Bcero TpeGyeTcst TpOBePUTH Ha IOTHOTY » 'Ci =2" -1 rpa¢os.

Jlpyroit anroputm paboTaeT Tak: jBe KIMKy pasmepa k, u k, «ckieusa-
10TCS» B 6O/BLIYIO KIMKY pasMepa K, + k,, TpuyéM KImKoii pasmepa 1 rnona-
raercs oTAeIbHas BepliyHa rpacda. AJITOPUTM 3aBepILaeTcsl, Kak TONbKO HU
OIHOr0 CIUSTHUS GOJbIIIe TPOM3BECTY HeNb3sl. BpeMst pab0oTh! AAHHOTO aJIro-
PUTMa JIMHEHO, ONHAKO OH SIBJISIETCS 3BPUCTUUECKUM, IOCKOJbKY He Bcer-
Ja IPUBOAUT K HAXOXXIEHMIO KIIMKM MaKCMMaJIbHOrO pasMepa. B kauecTse
npyMepa HeygauyHoro 3aBepIIeHYsI MOXXHO IPUBECTY CJTy4aii, KOraa BepuIu-
HBI, IPMHAIIeXallie MaKCUMaJIbHOM K/IMKe, OKa3bIBAIOTCS pa3fe/ieHbl M Ha-
XOHSTCS B KJIMKaX MEHBIIEro pasmMepa, IpUUYEM MOCIeAHME Y)Ke He MOTYT
ObITh «CKJIEEHbI» MeXIy co60i1.

OnHMM U3 caMbIX 3G(EKTUBHBIX AJITOPUTMOB TIOMCKA KIUK SIBJISETCS
anzopumm Bpona — Kep6owa: MeTton, BeTBeit U rpaHul] AJisl IOMCKa BCeX
KIIMK.

AJITOPUTM OnepupyeT TPeMSI MHOXXECTBAMU BepIUVH rpacda y sIB/seTcs
PEKypPCMBHOI1 ITpoliexypoit extend (candidates, not).

MHOXecTBO compsub — MHOXeCTBO, COAep)Kalllee Ha K&XA0M Liare pe-
KypCcuu MoNHbIi noarpad mjs jaHHoro mara. CTpouTcst peKypCuMBHO.

MHoXecTBO candidates — MHOXeCTBO BepILIMH, KOTOPble MOTYT yBeJu-
YUTh compsub.

MHOXeCTBO not — MHOXECTBO BEPIIMH, KOTOPbIE Y)Ke UCIONb30BAINCh
IUI pacliMpeHust compsub Ha NpepIAyIIMX arax airopuTMa.

T1OKA candidates HE mycro U not HE conepxxuT BepumHbl, CMEXKHOI
CO BCEMM BepumiHamu U3 candidates,

{ Boibupaem BepuimHy v u3 candidates v nobasnsiem eé B compsub;

dopmupyem new-candidates v new-not, ynansist u3 candidates v not
BepuvHbl, HE CMEJKHBIE c v;
ECJIU new-candidates u new-not ImycTbl;
TO ompsub — xnuka;
WNHAYE extend(new-candidates, new-not);
Voansiem v u3 compsub y candidates v mome1iaeM B not

}

BbIUMCIUTENbHAS CJIOKHOCTb QJITOPUTMA JIMHEHA OTHOCUTEbHO KO-
JIMYeCTBa KIMK B rpade. B xynuem cryyae aroputm paboraet 3a O(3%) ma-
ros [9].
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&) rnaBa 3. TEOPMS ANroPUTMOB

u 3.1. UHTYUTUBHOE NOHATUE
AJITTOPUTMA U HEOBXOAUMOCTDb
BBEOAEHUSA EF'O TOYHOIO
MATEMATUYECKOIO NOHATUA

IoHsITME aITOPUTMA MPOYHO BOILWIO B XM3Hb MaTeMaTUKOB U JIIOAEH,
TECHO CBSI3aHHBIX C BBIMMCIMTENbHOM TEXHUKO. 3a4acTyi0 Mbl AaXe He 3a-
IyMbIBaeMCSl Hafi TeM, UTO JKe TaKOe aJITOPUTM, a UCTI0Ib3YeM 3TO CJIOBO KaK
HeKOe MHTYUTUBHOe NOHsITMe. OmHAKO MCTOPUSI eT0 BO3HMKHOBEHMS BOCXO-
IUT K TTYOOKO JPEBHOCTM.

TepMUH «aJIropuTM» WM «aaropudm» (3anycbiBaeMblit TaTUHULEH
Kak algorithm) uMeeT B CBOEM COCTaBe BUOOM3MEHEHHOe reorpaguueckoe
Ha3BaHMe «Xope3m». OH 06513aH CBOMM IIPOUCXOXXIEHMEM BEIMKOMY Cpef-
HeBeKOBOMY YuéHOMYy Myxammany ubH Mycce anb Xope3mu (T.e. u3 Xopes-
Ma), HanycaBLieMy OGLIMPHBII TPy, B KOTOPOM OMMCHIBAJIUCh IIPOLIELYPbI
apudMeTUUECKUX AeMCTBUI C YUMCTaMMU.

[TepBOHAYa/JbHO TMOA aJITOPUTMOM TIOHMMAIU TPOU3BOJIBHYIO CTPOTO
OIpeneNéHHYIO0 II0CIeN0BaTeIbHOCTD JEMCTBUIA, TPMUBOLSIIYIO K pPelIeHUI0
TOM WIM MHOV KOHKPETHO 3agaun. Enié ¢ aHTMMHBIX BpeMEH U3BECTHBI ajl-
roputMm EBrimpa HaxoxxaeHust Haubonbluiero o61ero AeauTeNns HaTypasb-
HBIX YMCes, AITOPUTM JielIeHUst OTpPe3Ka B 3alaHHOM OTHOLIEHMM C TIOMO-
HIbI0 LIMPKYIIS M IMHEKY U T.11. KcTaTy, anroputMsl, M3J0KEHHBIE B II€PBBIX
IBYX IJIaBaX 3TOr0 yuye6HOro nocobust, — 3To TOXKE IpUMepbl MUHTYUTUBHOTO
MMOHMMaHMS AITOPUTMA.

B Havane XX B. 66111 chOpMYIMPOBaHbI 331a4y HAXOXKIEHUS €IMHOTO
rpolecca pelieHus psifia poACTBEHHBIX 3aau ¢ napameTrpamu. Eciu ¢ 3apa-
yejt HaxoXXIeHMs TaKoro npoiiecca 66110 BCE 6oee Uy MeHee SICHO (Z0oCTa-
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MMABA 3. TEOPUA ANITOPUTMOB

TOYHO MPEeAbSBUTD TAKO¥ IPOLIECC), TO YTO YK Je/IaTh, eC/IY NPOLIeCC HaliT!
He yaaaock? Mbl IJI0X0 MCKaJIM MM OH He cyiecTByeT? OTBeThI Ha 3TY BOII-
pochbl 66111 0COGEHHO BaKHBI B CBSI3u ¢ nporpammoii 1. I'unbbepra popma-
JM3auMy BCeii MaTeMaTUKMU.

[epBble MOMBITKM OAaTh MaTeMaTMYeCKOe OIpefeleHue ajJropuTMa
MIPUBEJIY MIPUOGIU3UTEIBHO K CIEAYIOMM TpeOOBaHUSIM:

- onpedenéHHOCMb OaHHbIX: BUJL UICXOOHBIX JAHHBIX CTPOrO OIpeneNnéH;

- JUCKpemHOCmb: TIPOLIeCC pa36MBaeTCsl Ha OTAe/MbHbIE LIary;

- demepMUHUPOBAHHOCMb: PE3YNIBTAT KAKAOTO L1ara CTPOro Onpenenéx
B 3aBMCUMOCTH OT AAHHBIX, K KOTOPbIM OH IIPMMEHEH;

- a7eMeHmapHOCM® Waza: TIepexol, Ha OAMH Liar MpoCT;

- HANPABNIEHHOCMb: UTO CYUTATh PE3YIbTaTOM PabOThI AITOPUTMA, €C/TH
CJIeqyIONIMIA Iar HEBO3MOYKEH

- MACCOB0CMb: MHOXKECTBO BO3MOKHBIX MCXOAHBIX JaHHBIX ITOTEHLM-
aIbHO 6€CKOHEYHO.

HecMOTpsl Ha HEOCTATKM TAKOTO ONpeneNeHys 3TO MUHTYUTUBHOE OIl-
peaAeeHne MOXET CTY;KUTb JJIsl pelieHusi MHOTUX 3anad. OmHako B cOBpe-
MEHHOI1 MaTeMaTuKe ¥ MHPOpMaTUKe aKTUBHO UCTIOIb3YIOTCS &JITOPUTMBI,
He YAOBJIETBOPSIOLIME TAKOMY MHTYUTUBHOMY OIIpeZe/IeHUIO: HeleTepMU-
HUPOBaHHbIE BBIUMUCIIEHMS], AITOPUTMBI C OPaKYJIOM, «3aLMKIMBAIOLIMeCs»
JITOPUTMBI U T.I1.

OTHOCUTENBHO ITYHKTa «ONpedenéHHOCMb OAHHbIX» MOXXHO 3aMETUTh,
YTO OMMCaHHbIE B IPEIbIAYILEM pa3felie air0OPUTMbI Ha rpadax He «IpuBs-
3aHbI» K criocoby 3aganus rpada.

Camble 60/bILIME CJIOKHOCTY BO3HUKAIOT B ITYHKTE «3/1EMEHMAPHOCMb
wazay. SIBNSIOTCS JIY BCE LIary CIeQYIOLIero BbIMMCIeHMS 3lIeMeHTapHbIMM:

x:=0,25;
y=x
z :=sin(y*)?

Bbrumcienye x° B 60bIIMHCTBE KOMIIBIOTEPOB IIPOMCXOAUT KaK X * X * X.
A ecs BbIUMcIUTb x'5? Tpupétcs HaxoguTh 5™, npuuéM u = Inx u e'* 6y-
IOYT OIpeneNeHbl ¢ MOMOILBI0 Pa3/lIoXeHUs] COOTBETCTBYIOLIEH GyHKUMU
B psia. [Tpy BbruMCIeHMY 3HaUeHus sin(y*) 6e3 pasnoxkeHui1 B psif Boob1ie He
060/ TUCE.

CNOXXHOCTU €CTb U € ITYHKTOM «Maccoeocme». Tak, Hanpumep, repsoe
JI0Ka3aTeNbCTBO BenyuKoil Teopembl PepMa: «He cymiecTByeT HaTypaibHbIX
umcen x,y,Z M n > 2, TaKUX 4TO X"+ y" = z"», 6bII0 NPOM3BENEHO Ha KOMIIbIO-
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3.2. MpencrasneHne o peKypcuBHbIX PyHKUUAX. Teanc Yépua

tepe. K ToMy BpemeHny 6bu1a M3BecTHa KOHCTaHTa C, Takasl 4TO eC/iM Takue
YyyC/ia CyLIeCTBYIOT, TO OHM He MPeBOCXOIST 3TOM KOHCTaHThI. Bbiia Hanu-
CaHa porpaMMa, CoZiepyKalllast YeTbIpe BJIOKEHHBIX LIMKIA M0 X, y,ZUu n > 2
C BepxHMMM rpanuuaMu C, B Tejle KOTOPBIX CTOSJIa ITpOBEpKa YCIOBUS
x"+ y"=z" [Iporpamma 6bu1a HanmMCcaHa aKKypaTHO, C COXpaHeHMeM IpoMe-
JKYTOUHBIX BHIUMCIEHMIT Ha crydait c6oes paboTsl. OHa paboTasna 0KoJIo roaa
¥ Bbifjasia pe3ynbTar: «Takux ymcesn He CyLeCTByeT». SIB/IeTcs 1M 3Ta Mpo-
rpamMma peanusaiyeir anroputma? Benp y Heé He TO UTO He GeCKOHeYHoe
MHOYXeCTBO MCXOAHBIX JAHHBIX, Y 3TOM IIPOrpaMMbl MCXOOHBIX JAHHBIX HeT.

st MaTeMaTUUYeCKOro yTOUHeHUs! OTpefeieHNs alropUuTMa HauuHasi
¢ 30-x rT. XX B. 6bU1M BBEZIeHbI pa3IMyHble MaTeMaTUueCKue IOHSITUS ajiro-
putMa. [lepBbIMM TaKMMM MTOHATUSIMM GbIIM PEKypCUBHBIE QYHKLMY U Ma-
muHbl TelopyuHra.

u 3.2. NPEACTABJIEHUE O PEKYPCUBHbIX
DOYHKUUAX. TESUC HEPYA

[ToHsiTHE peKYPCUBHBIX QYHKIMI ObUTO MpeIJIokeHO He3aBucumo Yép-
yeMm u Kimuu. Kaxxgoe 13 onpeneneHmii conepxano HeLoOCTaTKy, O3TOMY
B pe3y/bTaTe COBMECTHOTO 00CYKIeHMs MOTy4MI0Ch TO, UTO Ceifyac BOILIO
BO MHOrMe yue6HMKM, Hanpumep B [10].

Onpepenenne. IpocTeifmmmu Ha3bIBAIOTCS QYHKLMM HATypaJIbHO-
ro aprymenTa S, O, I, onpepensiemMble paBeHCTBaMu: S(x) = x + 1, O(x) =0,
I"X,,...,x)=x mpul<ms<nt,

Onpepenenne. Oyuxums f oT n + 1 nepeMeHHbIX MoayyeHa U3 QyH-
KUMM g OT n NepeMeHHbIX U QYHKUMY h OT n + 2 epeMeHHbIX C TOMOILbI0
orepaTopa NIpMMUTUBHO peKypcuu, eciu

f(Xl, ey X 0) =g(xp seey x,,)a
f(xp seey X,,sy+ 1) = h(xp seey X,,) yyf(xp o X y))

Onpepenenue. OyHKIMS Ha3bIBAeTCS IPUMMUTUBHO PEKYPCUBHOJ,
eC/IM OHa MO3KeT GbITh MOTyYeHa M3 MPOCTEMIIMX C TOMOLIbIO IPYMeHeHUs!
0IepaTopoB MOACTaHOBKYM W/MIY IPUMUTUBHOM PEKYPCUMA.

Besikast MpMMMUTMBHO peKypcuBHasi QyHKLMS onpeaeneHa Jjis 11060ro
Habopa 3HaueHuit CBOMX apryMeHTOB. [IpUMUTUBHO pPeKYPCUBHBIMM SIBJISI-

4 ObpaTuTe BHMMaHMe, YTO NepBble ABe (GyHKIMY HAIOMUHAIOT QYHKIUY U3
CUTHaTypbl aKCMOMaTUYECKOIt TEOPUY UMCeT.
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MABA 3. TEOPUA ANNTOPUTMOB

I0TCS1, Harpumep, GYHKLMH, ONIpefesisieMble TEpMaMu X + Y, |x — y|, x - y, [-g-],

¥, [Vx], xapakTepucTuueckue GyHKIMM IPEIUKATOB =, <, >, €, > Y MHOTUe
ADPYyTHeE.

HaxoxxpeHue kopHei1 GyHKLMM BbI3bIBaeT HEKOTODbIe pobnemsl. Tax,
HanpyuMmep, 1-omeparop, AeCTBYME KOTOPOro ONPENEeNseTcs Kak §(X,, ..., X,) =11
Wfx,, ..., x,, ¥) = 0} (HauMeHbLIMIA y, NI KOTOPOTO f(X,, ..., X,, y) = 0), npu-
MEHEHHbI K IPUMUTUBHO PEKYPCUBHOM (YHKLMY, HE BCerna Aa€T B pe-
3y/nbTaTe MIPUMUTUBHO PEKYPCUBHYIO QYHKIIMIO.

Ho npuMeHeHMe OrpaHMUYEHHOrO [1-OIeparopa, AeiCTBME KOTOPOro
ornpenessercs Kak g(x,, ..., X,, 2) = n Afx, .oy X, y) = 0} (HaumeHb 1IN Y, He
NPEeBOCXOASIMIA Z U LISt KOTOPOTO f(X,, ..., X,, ) = 0, win 0, ecnu Takoro y He
CYILLECTBYET), BAET B pe3y/ibTaTe IPUMUTUBHO PEKYPCUBHYIO QYHKIIMIO.

Onpepenenye. PyHKIMS Ha3bIBAETCS YACTUIHO PEKYPCUBHOM, eC/IU
OHa MOXXeT 6bITh NOTyY€eHa M3 MPOCTEMIIUX C TOMOLIbIO IPUMEHEHUS Ore-
paToOpOB MOACTAaHOBKY, IPUMUTUBHO PEKYPCUMM M/WIN J1-OllepaTopa.

He Bce yacTMUHO peKypCUBHbIe GYHKLIMM OTNpeseeHbl AJis 1060ro Ha-
6opa 3HaueHuit CBOMX apryMeHTOB. Tak, Hanpumep, GyHKUuS [ yfx + y = 5}
orpezesieHa TOMbKO AJIs X, paBHbIX 0, 1, 2, 3,4 1 5. Ho Bcsikast MpMMUTUBHO
pexypcuBHast QYHKUMS SIBJSIETCS YaCTUYHO PEKYPCUBHOIA.

Eciu BBecTM 060611EHHBIN 1-0IepaTop, ONpenesieMblil Kak

YRy = 0] = {u Y{f(X,y) =0} ecr TaKoit y cymiecTByer,
0 uHaue,

TO MOJKHO OTIpenennThb 0611 epeKypCUBHbBIE (MIIM pEKYPCUBHbIE) QYHKLIMMA.

Omnpepenenue. OYHKIMS Ha3bIBaeTCS OOLIEPEKYPCUBHOM, €C/IY OHA
MOXeT 6blTb rnojrydyeHa u3 I'IpOCTEﬁIHMX C NMOMOWIBIO NPpUMMEHEeHUs OIle-
paTOpOB TMOACTAHOBKYM, NMPUMMTMBHOI peKypcMM W/MaM O06O0OGIEHHOrO
p-omneparopa.

O6uiepexypcuBHbIe (PYHKLMU SIBISIOTCS BCIOAY OMNMpeneNéHHbIMY,
M BCSIKasl MIPUMMMUTUBHO PeKYpCMBHas GQYHKUMS SIBJISETCS 0OLIepeKypcyUB-
HOI1. 3aaua orpenesieHus TOro, SIBJISIETCS JIM YaCTUYHO peKypcuBHas GyH-
KLMS C JaHHBIM OMMCaHMeM 00L1epeKypCMBHOI UM HET, aITOPUTMUYECKU
Hepaspelma.

[TonsTMe peKypCUBHOM QYHKUMM HaL uMcIaMy 6bUIO pacripocTpaHe-
HO Ha QyHKIMH, o6pabaTbiBatouye ciosa. [Ipy 3ToM npocreitias GyHKUMS
S 3ameHsieTcst Ha GYHKUMM, TPUMNMCHIBAIOLME OAMH U3 CMMBOJIOB ajipaBUTa
K CI0BY. Pekypcus Ben€Tcs o ajiMHe 06pabaTbiBaeMOro ¢JIoBa, j-oreparop
HaxoOUT HayIMeHbllee 110 JJIMHe CJIOBO.
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3.3. MawwHb! TotopuHra. Tesuc ToiopuHra — Yépya

Tesuc Yépua. Bcakass MHTYUTUBHO BbIYMCIMMas GyHKLUMS SBISETCS
00111epeKYPCUBHOIA.

JTO yTBEpKIEeHME Ha3bIBAeTCS «Te3UC», a He «TeopeMa», TaK KaK ero
HeJb3s HY J0Ka3aTh, HX OMPOBEPrHyThb. B ero popmynupoBke uMeeTcs: no-
HATUE «MHTYUTMBHO BbIUMCIMMAsT GYHKLMSI», KOTOpPOE He MMeeT TOYHOIro
MaTeMaTUUYeCKOro onpeaeeHusi. Kaxabiil yeloBeK MOXeT MMeTb CBOE MHe-
HJe, OTHOCUTEIbHO TOr0, MOXKHO JIX 3HaueHue 3TOi QYHKLUMU BHIUUCTIUTD
npu BCEX Habopax 3HaueHMit epeMeHHbIX. HO 3T0 ero cyGbeKTMBHOE MHe-
Hue. Ero onmoHeHT MOXET MMPeJIOKUTh HEKOTOpOe 3HaueHMe aprymMeHTa,
ISl KOTOPOTO TpeJIOKEeHHbI I MHTYUTUBHBIA METOH, BbIUMCIEHNUS He JaéT
pesynbTaTa. Y Tak MOXKeT MPOA0IKATHCS CKOMb YTOAHO AOJTO.

u 3.3. MALLUHbI TbIOPUHTIA.
TE3UC TbIOPUHIA — YEPYA

MamuHa Teiopuara (MT) [11] sBnsieTcs MaTeMaTUYeCKUM, a HE TEXHU-
yeckuM MoHaTeM. OIHAKO Te, KOMY G/Ke «Kejle3Hbie» 0OBeKTbI, MOTYT
MpeACTaB/IsITh €€ KaK BbIUMCIMTENbHOE YCTPOMCTBO, MMeoliee MOTeHIM-
aJIbHO 6ECKOHEUHYIO JIEHTY, pa3fe/éHHYIO Ha STYeiKM (T.e. B 1060/t MOMEHT
paboThI CIeBa MM CIIpaBa K KOHEYHOJ JIeHTe MOXKHO A00aBUTH elé OnHy
SIUEiiKY, COIepKalllylo CrelMalbHblii CMMBOJ, Ha3biBaeMblil ImycTbiM). Ha
3TOJ JIEHTEe MOKET ObITh 3alMCaHO CJIOBO B 3apaHee 3aflaHHOM andasure.
ITo 1eHTe MOXKET MepeMelaThCs MULIYIIas/yuTarouas rojoska, 06o3pesa-
I0L1ast OOHY U3 sTueeK. B 3aBMCHMMOCTM OT COCTOSIHMSI MALUIMHBI U COAEPXUMO-
ro 0603peBaeMoit siUeiiky MalllMHa B COOTBETCTBMM C IIPOrPamMMOii MOXKeT
3aMEHUTb COHEepKUMOe 0003peBaeMoil sTueitku, COBUHYTh (MM He CABU-
raTb) rOJIOBKY Ha ONHY S[YeiKY, USMEHUTb CBOE COCTOSIHME.

C MaTeMaTMYeCKOi TOUKM 3peHusl MaluyHa ThlopMHra — 3TO0 CJIeAyio-

11asi CTPYKTypa:
(A;Q,Q,Q;; P).

3necb A={a,, ..., a,} — BHeIIHW andaBut, uiy aadasuT CUMBOJIOB, KO-
TOpBbIE MOTYT GbITh 3aIMCaHbl Ha JIEHTe, COAepyKalllMii, B YaCTHOCTH, ITyCTOM
(wmy 6nankoBblit) cumson; Q = {q,, q,, ..., q,} — BHYTpeHHMI anbasuT, win
anhaBUT COCTOSTHMIA, B KOTOPBIX MOXKeT HaXOOUTbCS MalllMHa, COAePKaILmit
IBa BbIIENIEHHBIX TOAMHOXeCTBa: Q, — MHOXeCTBO HaYalIbHbIX COCTOSIHMI
1 Q, — MHOXECTBO 3aK/IIOUUTEIbHBIX COCTOSIHMIA; P — nporpamMma.
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MABA 3. TEOPUA ANNTOPUTMOB

IIpu panbHejileM M3N0XXeHUM ITYCTOM CMMBOJ OymeT 00603HaYaThCs
MOCPeNCTBOM ¥, B KaueCTBe HayaJIbHOrO COCTOSIHMS 6YIEeT MCI0Ib30BaThCS
COCTOSIHME ¢, B Ka4eCTBe 3aKI0YUTELHOTrO (€C/IM He OrOBOPEHO 0C060) —
COCTOSIHME ;.

Komanpga mamyHbl ThlopMHIa MMeeT BUL:

q,9,—> q,5a;,

raei,j=1,...,n;r=1,..,k; t=0,1,...,k; S — CaBUT rONIOBKM BJIEBO, BIIPaBO
uny oTcyrcrBue capura S € {L, R, _}. 9Ta KOMaHAa YMTAETCS CIeOYIOWMM 06-
pasom: «Eciu MaumHa TelopMHra HaXOOMTCS B COCTOSIHUMM q, U 0603peBaeT
CMMBOII d;, TO 3TOT CUMBOJI 3aMEHSIETCs Ha d;, FOI0BKA IPOM3BOANT CABUI S
1 MalllYHa 1ePeXOaUT B COCTOSIHUE g ».

KoMaHpl Ha3bIBaIOTCS COIIACOBAHHBIMM, €C/IM OHM MMEIOT pasjiny-
HbIE JIeBbIe YaCTY WU MTOJTHOCTBHIO COBIMAAAIOT.

[IpymMepoM HecornIacOBaHHbIX KOMaHJ MOTYT CTYXXKUTb CJIENYIOlIMe IBe
KOMaH/bI:

q,| - qR1
q,| = q,RO.

ST KOMaHAbI IIPeAIIo/araloT, YTO B OGHOM U TOM ke CUuTyauuy (Mallu-
Ha TblopMHra HaxXooMTCsl B COCTOSIHMM ¢, M 0603peBaeT s4yeiKy, B KOTOpOJi
3anycaH CMMBOJ |) HY)XHO 3aMeHUTb | M Ha 0, M Ha 1.

IIporpammoit MamyHbel ThIOpMHra Ha3bIBaeTCsl KOHEYHOE HeITyCcToe
MHOJXECTBO COIJIaCOBaHHbIX KOMaH/I.

Koudwurypanmeit MammHbl TbIopyHra Ha3biBaeTCsl CJIOBO BUAA:

b,...b,_qb,...b,

roe b, ... bp—l bp... b, — cnoBo B andasute A, 3anMcaHHOe Ha JIEHTe; CJIeBa
M CIIpaBa OT 3TOrO CJIOBA HA JIEHTe HaXOASTCS TOJMbKO ITyCTble CMMBOJIBI;
MalllHa HaXxoOMTCsl B COCTOSIHMM ¢, U 0603peBaeT p-i CUMBOJ 3TOTO CJIO-
Ba; Ha KOHLIAX KOHUrypaumy HaXooUTCsl He 6oee YeM 1o OZHOMY ITyCTO-
MY CMMBOJTY.

MammHa TelopyHra Bcerga HauMHaeT paboTy B KOHpUrypauyuyu supa
q,X, roe X — ucxonHole AaHHble. KOHOUIrypaLys COOTBETCTBYET COOEPXKM-
MOMY JIEHTBI ¥ TOJIOBKU, M300pKEHHBIM HIDKE.

1°°*

* | b, b

b, *




3.3. MawuHbl TotopuHra. Tesuc ToiopuHra — Yépua

IMporokosom paboThl MamyHbl ThIOpMHra HasblBaeTCsl MOCIENO-
BaTebHOCTh KOH(GUIYypaLuii, nepBasi U3 KOTOPbIX SIBJISIETCS HaYa/IbHOM,
a Kaxzaas cremylonasi moiryyeHa M3 npeaplayleii B COOTBETCTBUM C OAHOM
U3 KOMaHJ,

Maumua TeiopyHra 3akaHuMBaeT paboTy Haj JaHHbIMM X, eCi OHa
TIpuIIa B COCTOSHUE G, WX HU OfIHA M3 KOMAHJI He MOXeT GbITb pUMeHe-
Ha K IT0TyYeHHOi KOHUTypaLymu.

Tesuc Triopunra — Yépua. Bcakass MHTYMTUBHO BbIUMCIMMas QyHK-
LIMSI MOXeT ObITh BbIYMCJIEHA Ha MaluMHe ThIOpUHTa.

JTO YTBEpXKXAEHMEe Helb3s HM JOKa3aTb, HU ONPOBEpPrHYTb, TaK KaK
B ero GOpMy/IMpPOBKe MMeeTCs IIOHSITUE «<MHTYUTUBHO BbIUMCIMMAs», KOTO-
poe He MUMeeT TOYHOT'0 MaTeMaTUYeCKOro OrpeneieHus.

OnHako JokasaHa paBHOCMJIBHOCTb Te3uca Uépua u Te3uca TbOpUH-
ra— Yépua. B KauecTBe HECJIOKHOrO YIPOKHEHMUS] MOXXHO A0Ka3aTb, UTO
¢yuxkmm S, O u I MoryT 6bITh BbIYMCIEHB! Ha MaiuyHe ThropyuHra. Bos-
MOXHOCTb BbIUMC/IEHMSI Ha MaluyHe ThIOpMHTa Cyreprosuumy IByX QyHK-
1Mt 6ymeT mokasaHa JjIsl YaCTHOTO CTyuast HyDKe.

3.3.1. MpuMepbl nporpaMmm MaluuH TbiOpUHIra

IIpumep 1. HanucaTp mporpamMMmy MauuHbl ThIOpUHra, BIMUCISIO-
LIYI0 CyMMY [BYX HaTypaJbHbIX (HEOTPULATENbHbIX LIeJbIX) Yucesl, 3anu-
CaHHbIX B YHApHOI CUCTeMe CUMCIIEHHS.

Bua, MCXOOHBIX JAaHHBIX IJIS JI060r0 aJroOpUuTMa OO/KEH 6GbITh CTPO-
ro ornpepeseH, O3TOMY HeJlb3sl HalmMcaTh IIporpaMmy MaliyHbl ThIOpUH-
ra, BoIYMCISIIOILYIO0 CYMMY ABYX UMCeJ, IIOKa He 3a/iaHa CUCTeMa CYMCIeHUs.
VHapHaﬂ cucrteMa CYMUIeHUsT — 3TO TaK Ha3biBaeMasi eJMHUPUYHAasA (MJIM
MaJIOYKOBast) CUCTEMA: KAKOBO YMC/IO — CTOMBKO efyHUYeK (Tlajloyek).

HavanbHast KoHourypauusi maumHbl Teiopunra 6yzer q,1...1 + 1...1,
IZie KOIMYeCTBO eAVHMI] B IIEPBOM CJIJaraéMOM PaBHO X, @ KOIMYECTBO eay-
HMI] BO BTOPOM CJlaraeéMoM paBHO Y. TpebyeTcst, YTOObI 3aKIIOUMUTENbHOM
KOHurypauueit 6bu1a ql...1, rae KoamM4ecTBO eAMHUL] PaBHO X + Y. [11s 3T0-
ro paspaboraeM cienyrouyii iaH paboTb! MalMHbl ThlOpMHTa:

1. CoTpeMm IepBYIO eOMHULLY.

2. ByneM caBurath rojIoBKY BIIPaBo, I0KA He YBUAMUM 3HaK +, KOTOPbIA
3aMeHMM Ha 1.
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MMABA 3. TEOPUA ANMTOPUTMOB

3. Bymem coBuraTh rojioBKY BJIE€BO, IIOKa He YBUOMM 3HaK * (ITyCTOM
CUMBOJI).

4. CoByHEeM rojJIoBKY Ha OAMH CMMBOJI BIIPaBO ¥ OCTAHOBUMCS.

Peanyu3anus KakIoro ITyHKTa 3TOr0 IUIaHa TpebyeT cBoe co6CTBEHHOE
COCTOSIHME, I103TOMY, 3alMCaB KOMaHAbl, peau3ylolliye OOUH U3 ITYHKTOB
IJ1aHa, 06s13aTebHO 6yeM MeHSITh COCTOSIHME MalIMHbl ThIOpUHTa:

1.1)q,1—>q,*
1.2) q,+ - q R~
2.1)q,1 > q,R1
2.2)q,+—>q,1
3.1)q,1 > q,L1
4.1) g+ — q,R=

3anuiieM MPOTOKOJ paboThl 3TOM MalIMHbI ThIOpPMHTa, BBIUMCISIONI e
2+3:;

q,11+111 (mo 1.1)
q,1+ 111 (no 2.1)
1q, + 111 (no 2.2)
1q,1111 (no 3.1)
q,11111 (mo 3.1)
g, 11111 (mo 4.1)
q,11111

B 3toit MmamnHe ThiopMHra 6bUT UCIIONB30BaH andaBuT {*, 1, +}. Ox-
HaKO MOXXHO ObUIO 6bI MpUMEHUTDb U andaBur {*, 1}, mpu 3TOM UCXOOHbIE
JaHHble pa3fensiloTcsl 3HaKOM *, a B KOMaHJe 2.2 BMeCTO + ciefyeT Io-
CTaBUTD *.

3amMeTuM, UTO YMCJIO IaroB paboThl 3TOM MamMHbI ThIOpMHTa PaBHO
2n + 1, rae n — OJMHA 3aMCU IIEPBOrO c1araemoro (T.e., B YaCTHOCTU, OHO
€aMo, TaK KaK MUCIT0JIb30BaHA YHapHasl 3allMCh HATYPaJIbHOTO YMCIIA).

IMpumep 2. Omucarts paboTy MalMHbl ThbIOPUHTa, BHIMUCISIONIEN CYM-
MYy OBYX HaTypaJIbHbIX YMCel, 3a[IMCaHHBIX B IBOMYHOI CUCTEME CUUCTIEHUS.

HavanbHas koHurypaumus MaumHbl Teiopunra Gymet g X+Y, roe X
M Y — IBOMYHBIE 3aN1CH HaTypalbHbIX yucel. TpebyeTcst, 4TO6bI 3aKITIOUM-
TeNbHOI KoHurypauueii 6bu1a q,Z, rae Z — [BOMYHAS 3aMUCh CyMMbL. s
3TOro paspaboraeM I1aH paboTbl MalIMHbI ThIOpUHra:
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3.3. MawuHb! TolopuHra. Tesuc TetopuHra — Yépuya

1. «[Jo6exxum BIpaBo» 40 pa3mesiollero apryMeHThbl IyCTOr0 CUMM-
BOJIA *,

2. «Jlo6exxuM BIIpaBO» A0 MOCIEAHEH HelTOMeYeHHO Lmudpsl uncina Y
(B HaYaJIbHbI/I MOMEHT Bce LIM(Pbl He TOMEeYEeHbI).

3. 3anoMHUM 3Ty 1Mdpy u nomeTm ee. OTMETUM, UTO MaliHa Thio-
PMHIa MOXET 3allOMMHATh YTO-IMO0 TONBKO HOMepoM cocTosiHus. [Tome-
TUTb Py MOXKHO, Hanpumep, 3aMeHuB 0 Ha a, a 1 Ha b.

4. «Jo6exxnm BJI€BO» IO MOC/IENHEel HermoMeueHHOM umdpbl uncia X,
3arIOMHMM 3Ty LMGPY ¥ TIOMETUM ee.

5. «Jo6exkxum BIEBO» 40 NMepBoit LMbpb! yMcia X UM OTCTYIIMM Ha OOHY
KJIETKY BJIEBO.

6. «[Jo6exxuM BJIEBO» 0 MEPBO 1MGPbI YMUCIA, TOTYYEHHOTO CJIOXKe-
HMEM IPOCMOTPEHHbBIX yacTteit X u Y. OTCTYIIMB Ha OOHY KJIETKY BJIEBO, 3a-
MMIlIeM CyMMY 3allOMHEHHbIX LM(p, TpY 3TOM eC/iy CKIaabiBanuch 1+ 1, To
sanuchkiBaeM 0 ¥ 3alIOMMHAEM, UTO K CyMMe CIenylolmx AByX umdp 6ynet
Heo6xoamumo npubaBuTh 1.

Ecmm cknagpiBaTh HEO6X0OMMO 3allOMHEHHbIe LMdps +1, TO B KayecT-
Be cymmbi ruieM 0 + 0 Kak 1 1 «0cB060KIaeMCst OT 3alIOMUHAHMSI» ; BMECTO
0+ 1wmmm 1+0mmmuem 0, Bmecto 1+ 1 numiem 1 ¥ 3amomMmHaeM, 4To K CyMMe
cnenyomyx Asyx umdp 6ymet Heobxonymo npubaBuUTh 1.

7. «[lo6ek1M BIIpaBO» A0 CMMBOJIA *, CTOSIILIETO ITOC/Ie ocenHe uyd-
Pbl UMC/1a BBIUMCIIEHHOI YaCTU CyMMBI, ¥ TMIepeiifieM K BbIMOTHEHUIO 1. 1 Ha-
1ero rviaHa. ITpy 3ToM eciu B I1. 6 6bLI0 3a[IOMHEHO, UTO B CJIEAYIOLMIA pa3
K cymme umudp Tpebyercs npubaBuUTh 1, TO Bce KOMaHAbI B . 1-6 HYXXHO
Mpoxy6aMpoBaTh C HOBBIMM COCTOSIHMSIMM, COOTBETCTBYIOLIMMM TOMY, UTO
«1 Ha yM ro1sio».

8. Ecin onHO M3 coB (X m60 Y) okasanoch Kopoye ApYroro, To CUM-
BOJI *, CTOSILLIMIA [Tepejl COOTBETCTBYIOLIMM CJIOBOM, OyzieM 3altOMMHaTh AJIs
c10XeHMsI Kak 1umdpy 0.

9. Eomm o6a aprymeHTa IMOJHOCTBIO [TOMeYeHbl, TO COTPeM IOMeYeH-
Hble UMpbI, nepeBeseM roIoBKY B HaYaJlo pe3yIbTUPYIOLETO CI0Ba U OC-
TaHOBMMCS.

Kak BMAHO M3 3TOro IulaHa, nporpaMma maumHbl ThiopuHra 6ymeT
OYeHb JIMHHOM U noTpebyeT 60/bLIOr0 KOMMYECTBA COCTOSIHMIA. [ToaToMy
3TOT NIpMMep pacCMOTPUM ellie pa3 AJst APYroit MoaMuKalyy MallyHbI
ThropuHra.

OnHako 1Mo NpuBeAEHHOMY IUIaHY MOXXHO OLIEHUTD, YTO YMUCJIO LIaroB
paboThl Takoit MauyHbl ThbIOpMHIa C TOYHOCTBIO IO MYJAbTUILIMKATUBHOM
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TMABA 3. TEOPUA ANMTOPUTMOB

KOHCTaHTbI He IIPEBOCXOAMT N+ m, Tae N U m — IJIMHbI 3anmucu uucen X u Y
COOTBETCTBEHHO, T.€. cocTtasasgeT O(n - m).

3.3.2. TeopeMa 0 KOMNO3MLIMM MALWIUH TbIOPpUHIa

Jlemma 3.1. 1o Bcsikoit maummHe TelopyHra M, KoTopast o AaHHbIM X
B andaBuTe A BorumcsieT 3HaueHue QyHKUMHM f(X), MOXXHO ITOCTPOUTH Ma-
mmHy ThiopyHra M, KOTOpas 1o AaHHBIM X BHIUMC/ISIET 3HaYeHMe QYHKIMM

fiX) n 3axaHuMBaet pabory B KoHpurypaumu q f(X).
Joka3saTenbCTBO. [IepBbIM A€7I0M IOMETUM Hayaslo CJIOBa CMMBOJIOM,

He BXOAALIMM B andaBuUT A (HaripMMep CUMBOJIOM #), ¥ BEPHEMCS B HAUaJIo
MICXOAHBIX JaHHbIX:

9,4, q,La;
q*— qu#.

B nporpamMme MammHbI M Kaxioe BXOXAeHMe cocTosHus g, (i=1,...,Kk)
3aMeHsieM Ha q,, ,.

Kpome Toro, Heo6xooumo «CABUraTb» CMMBOJ # BJIEBO, €C/IY T'OJIOBKA
ero o6o3peBaer. C 3TO#1 11eJIbI0 AJIs1 KKI0M KOMaHAbI BUAA

q,9,~ qLa,
Jo6aByM IBEe KOMaHAbI:

q# — q,Lx,
q.*—> q'R#.

B03MOKHBI IBa CTyyasi 3aBepilieHysi paboTbl IPOrpaMmbl Hafl aHHbI-
mu: # *...+Y'q,Y",rme Y'Y"” coBnapaert ¢ f(X), u #«...*Y'qa,Y", rme Y'a,Y"" coB-
napaer c f(X) 1 B nporpaMme OTCYTCTBYET KOMaH/1a C JIeBO¥ YacThIO q,a,

B nepBomM ciryyae 3aMeHsieM B TeKCTe IIPOrpaMMbl COCTOSIHME q, Ha (q, , ,
U no6aBisieM KOMaHbl:

Qoo > Gy 1L (@ € A);

Qv o = Gy R*

qk+3* - qk+3R*;

Q. 38, qoLai (a,' e A\{x}).
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3.3. MawuHbl TotopuHra. Teauc TolopuHra — Yépua

Bo BTOPOM CiTy4ae AJisi K&XA0ro COCTOSHUS q, ¥ K&KI0ro CMMBO/IA a; U3
ambaBma A, AJis1 KOTOPBIX B IMTporpamMMe OTCYyTCTBYeT KOMaHAa C JIeBOJ1 yac-
TbIO q,4,, nobasnsieM KOMaHOy

qtai - qk+ ZLai

M KOMaH/bl, yKa3aHHbIe 111 IePBOrO CTyyasl.

Teopema 3.1. ITyctb mammHa TeiopuHra M, o faHHbIM X B andasute
A, BbIYMCIISeT 3HaueHue GyHkumm g(X) B andasute A,, mammHa TblopyHra
M, nio naHHbIM Y B andasure A, BoiunciseT sHayenne yakumu f(Y). Toraa
cynlecTsyeT MaluyHa ThlopuHra M;, KOTOpas 10 AaHHbIM X BBIYMCIISIET 3Ha-
yenue ¢pyuxkumu f(g(X)).

HoxasaTenscTBo. ITyctb M, (i = 1, 2) MMeeT nporpaMmy P, ¥ UCIIO/Ib3Y-
€T COCTOSIHMA {q, 4,5 --- qkl}. B cOOTBETCTBMM C JIEMMO# MOXHO CUMTaTh, UTO
M, 3axaHuMBaeT paboTy B KOHurypaumu q.8(X).

B niporpamme P, cocTosiHue q, 3aMeHsieM Ha q, , |, TIO/Ty4aeM Iporpam-
my P,.

B nporpamwme P, cocrostuu g, (i = 1, ..., k,) 3ameHsieM Ha q, , , Tony4a-
eM rnporpammy P,.

Mammna ¢ nporpammoii P, U P, Bbruncisiet f(g(X)).

AHaNOrMyHy0 TeopeMy MOXXHO 0Ka3aTh U sl GYHKLMIT HeCKOIbKUX
aprymeHTOB. OmHaKO Ipy e€ AoKa3aTenbCTBe NoTpebyeTcst 1IeMMa, KoTopast
3zech 6ymeT npyuBeneHa 6e3 JoKa3aTeNbCTBa.

Onpenenenne. MamyHa TbiOpMHra HasbiBaeTcsi MalMHOM ThrOpUH-
ra ¢ OZHOCTOPOHHE OrpaHMUYEHHON JIEHTOM, eCiM OHa He MCIIO/Nb3yeT
sIYeKY, PaCTIONIOKEHHbIE JIeBee STUeKU C MepBbIM CMMBOJIOM MCXOOHBIX AaH-
HBIX (JIEBOCTOPOHHE OrpaHMY€eHHasl), WIM pacIoNOKeHHbIe MpaBee siYeikyu
C [MOC/IEIHYIM CMMBOJIOM MCXOOHBIX JaHHBIX (IPaBOCTOPOHHE OrpaHNYeHHas).

Jlemma 3.2. ITo Bcsxoit MamyHe TeropyHra M MOXXHO ITOCTPOUTb Ma-
wmHy ThIOpMHTra C OHHOCTOPOHHE OrpaHMUYEHHOI JIEHTO, Y KOTOPOJ1 Ha JII0-
ObIX MICXOAHBIX JAHHBIX Pe3y/IbTaT €€ paboThl COBIALAET C Pe3y/IbTaTOM pa-
60TbI M.

Teopema 3.2. Ilycts maiunHa Toiopunra M, no gaupmM X, ..., X, ..., X,
B andaBute A, BbIuMcIsieT 3HadeHne pynkumn fiX,, ..., X, ..., X)) B andasure
A,, MaumHa TblopuHra M, 1o AaHHbiM Y, ..., Y, B andasure A, BbIUUCISET
3HaueHue ¢pyuxkummn g(Y, ..., Y ). Torma cymectsyet mauimHa Toropunra M;,
KoTopasi o JaHHeM X, ..., X, , X, ,..., X, Y, ..., Y BbluMCIseT 3HaUeHMe
bynkumm X, ..., X, ,8(Y,..0, Y ), X, s oy X, 8X)).

HoxasaTenbcTBo. CHavyasna 1o MauHe M, CTpouM JIEBOCTOPOHHE Or-
paHMYEHHYIO MallMHy M, C nporpaMmoii P;.
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MMABA 3. TEOPUA ANMOPUTMOB

MaiunHa ¢ nporpammoit P, C COCTOSSHUSIMY q, 4, ..., G,, OTMEYAET MeC-

TO MeXay X, | M X, ¥ MOOBOOMT TOJIOBKY K IIEPBOMY CMMBOJIY JAHHbIX Y,
!

., Y, . 3aMeHUB q, Ha q, , , TTOTy4aeM nporpammy P,

B mporpamme P; 3ameHsieM q, Ha q, ,; TIpM | #0,aq,Ha Qo kg + 1 V1 TIOTTY-
yaeM nporpammy P,

MauiyHa ¢ nporpammoit P, ¢ COCTOSHUSIMH q,, G, ..., q;, BCTaBJISIeT pe-
3ynbTaT paboTel mporpamMmbl P, Mexay X, |, u X,, | M MOOBOAUT TOJOBKY
K IepBOMY CUMBOITY, 3aMMCaHHOMY Ha IIEHTe'. 3amMeHMB q; Ha q, ., ., TIpU
i#0,aq,Haq, , kky + 1 TIOTyYAEM MIPOTpamMmy P,.

B nporpamme P, njist }VIalIIMHbI M, 3amensiem q, ipu i # 0 Ha Qi+ ks + kg + i
¥ roryyaem rnporpammy P

Mammsa ¢ mporpammoit P, U P, U P, U P, Bbruncisiet fiX, ..., X

i-1
By V), X, s e X, 8X)).
3.3.3. MHOrosIeHTOYHbIE MalLUUHbI TbIOPUHIa

Bonee TouHO wieqoBao 6b1 HamCaTh K-IeHTOYHbIe MalIMHbI ThIOpMH-
ra npu puKcMpoBaHHOM k. B 3TOi i Momenyu nmpepronaraeTcsl, YTo MMeeTcs
k neHT, Ha KAXA0/ 13 KOTOPHIX MOXKET OBbITh 3aITMCAHO CBOE CJIOBO.

O6bIYHO IMperoaaraeTcs, Yto 1-s1JeHTa — 3T0 BXOAHAs JIeHTa AJis 3a-
MMCY UCXOIHBIX JaHHBIX, K-51 IEHTa — 3TO BbIXOAHAS JIEHTA JJ181 3alUCH pe-
3y/IbTaTa, OCTa/lIbHbIe K — 2 JIEHTbI — 3TO pabouye JeHThl. B MpUBeAEHHBIX
HIDKE IpMMepax 3To MpeArooxeHue He 6yzeT ucnonb3oBaHo. OnHAKoO He-
CJIOXKHO JI0Ka3aTh, UTO I10 JI060¥ k-TIeHTOYHOI MalyHe ThbIOpMHra MOXHO
nocTpouThb (K + 2)-IeHTOYHYI0 MalIHy ThlOpyHra, yA0B/I€TBOPSIOLLYIO 3TO-
My yc1oBuio. Huoke B ipMMepax 3TO MpearnosoxkeHue He 6yneT IpUMeHS Tb-
cs1, HO Bcerga 6yayT SIBHO YKa3bIBaThCSl MCXOLHAS U 3aKJIIOUMUTEIbHASE KOH-
durypauyn.

TonoBka 0603peBaeT OMHOBPEMEHHO 110 OLHO sTueiike Ha KKA0M JeH-
TE U B 3aBUCUMOCTH OT MX COAEPKMMOT0 MOXET U3SMEHUTh MU He USMEHSTh
COIEePXXMMOE KaXKIOi1 U3 0003peBaeMbIX siueeK, CABUHYTbCS (MM He COBU-
raThCs) Ha OOHY STYENKY BJIEBO WIM BIIPABO, IpMYeM Ha KaKI0M JJeHTe COBUT
MOYKET ObITb pa3HbIM.

KomaHnpa k-nenTounoit MaimHbl ThlOpMHTa MMeeT BUL;:

ail Sl afl
g |—ql : D,

a S, )la

Ik
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3.3. MawuHb! TolopuHra. Teauc TbiopuHra — Yépya

res,,...,S, € {L,R, _} 1 0603HayaloOT COOTBETCTBEHHO CAABUIM BJIEBO, BIIPABO
WIY OTCYTCTBME COBUTra rOJIOBKM. ITa KOMaHAA YUTAETCSl CJIEAYIOLUM 06-
pasom: «Eci manimHa ThlopyHra HaXOAUTCS B COCTOSIHMM q, U B 0603peBa-
eMBIX siyeliKax JIeHT 3aMuCcaHbl COOTBETCTBEHHO CUMBOJIBI 4 ..., 4, TO 3TH
CMMBOJIBI 3aMEHSIIOTCS] COOTBETCTBEHHO Ha 4, ..., d,, TOTIOBKA ITPOU3BOIUT
CABUTU S, ..., S, ¥ MalIHa ThIOpPMHTa NIEPEXOAUT B COCTOSHUE .

Ha MHoroneHTOYHO! MaliyHe ThIOpMHra NporpamMMbl il pelieHus
MHOTMX 33124 BBIISLOST ropaszo Npolie, YeM COOTBETCTBYIOIIMe IIPorpam-
MB!I JJIS1 ODHOJIEHTOYHOJ MalllMHbIL. ITO CBSI3aHO C T€M, UTO UCI0/Ib30BaHME
HEeCKOJIbKMX JIEHT [103BOJISIET UMETb ONHOBPEMEHHbI JOCTYTI K HECKOIIbKUM
(TouHee, He 60/mee yeM K k) pa3/IMYHBIM 3aIIUCSM.

BepHemcs K 3afiaue CJIOXKEHMS ABYX 4McCell, 3alIMCAaHHbIX B JBOMYHOI
CUCTEeMe CUMC/IEHMS, IS pelleHus] KOTOpOoif Ha OOHOJMIEHTOYHOM MalllMHe
ThiopuHra 6611 pa3paboTaH I1aH PorpaMMsl, HO caMa IporpamMmma He 6b11a
NpyUBeeHa U3-3a e€ ype3aMepHOI 'POMO3IKOCTM.

ITpumep 3. HanyucaTeb TpEXIIEHTOUHYIO MaliyHy ThIOpUHTa, BBIUUCIS-
IOLLYI0 CYMMY OBYX HaTYPaIbHbIX YMCe, 3alIMCAHHbIX B ABOMYHOM CUCTEME

X
cuncnenus. HavanbHasi koHdurypaums Mammusl Teiopunra 6yger g,| Y |,
*
rme X u Y — gBoMyHble 3anMCU HaTypalbHBIX umcen. Tpebyetcsi, 4To6bI
X
3aK/IIOYUTENbHOM KOHUrypaumeit 6buia q,| ¥ |, roe Z — OBOMYHas 3a-

Z
ITUCh CYMMBI.

IlycTe cumBoOB S, U S, 0603Ha4aroT M06y10 M3 undp 0 win 1. Torma
IporpaMMma TpexJIeHTOYHO MauyHbl TlopyHra 6yneT MMeTb BUA,:

s, R\(s,
L1.4| S |2a|R||s
* %
* _\/ %
1.2. 4| S |2 a| R|| 5
* | %
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1.3. 49

14. 49

B cocTosinuy g, yncia BbIpaBHMBAIOTCS 10 TOCIeqHei! uudpe.

2.1. 9,

22.9,

2.3. 9,

24.9,

B cocrosiHuM q, cknappiBaroTcs uMdpbl, 0603peBaeMble Ha IEPBbIX
IBYX JIeHTaX. B cryyae c1okeHUsI IBYX eOMHMI] MalllHa MePEXOJUT B CO-

CTOSIHME q,.

3.1.4%

3.2. 9

sl
*

*

*

0
0

*

1
1

*

R
—>q| -

L
—->q,| L

t~

—>4q,

—>q,

—>q,

—>4q,

NN NN~ NN NN

—>q,

—>q;

[ e I R )

*

*

(0
0
0

(0
1
1

O =

(=}

o - O
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1 L(1
3.3.900|—>q| L|[0
* Lo

(1 L\(1
34.9|1|>q| L[]
* L)1

B cocTosiHuM q, CKnaapBaoTCsl UMGpbl, 0603peBaeMble Ha MEPBbIX
JIBYX JIEHTaX, CJIOXKEHHbIe ¢ eIuHULIeil. B cryyae cioxeHus: ABYX Hy/eil Ma-
1IHAa BO3BPAILAeTCs B COCTOSIHUE Q.

* N\ /*
41.9:|0|—>q,|L]||0
* L/\0

(% _\/(*
42.%|1|2q,| L 1]

43. 5% 2 a || *

* (=]
t~ t~
o o
)

(1 LY(1
44. 9% |2 |- ||*

* _\/*
4.5.9|0(—>q,|L OJ

* \/*
4.6.%|1 |29 L 1]

-53%-



FMABA 3. TEOPUA ANTOPUTMOB

(0 L\(0
47. 5% [=>q| | *

48.%|* |2 a| - || *
* LJ\0

Komangp! 4.1-4.8 ocyuiecTBaSIIOT ciokeHue 1udp B Cryyae, Koraa
OJHO U3 CJlaraeMbIX KOpOYe JpYyroro.

(% (R (%
5.1.%|* |29 R||*
* R *
* R *
52.9|%|2q| R||*
* -l

HecnmoxXHo mmoacumMTaTh, YTO 3Ta TPEXJIEHTOYHAas MaumuHa ThlopuHra
3aKaHYMBaeT CBOIO paboTy 3a YMCJIO 1IAaroB, KOTOPOE C TOYHOCTBIO 10 MYJIb-
TUIUIMKaTUBHOJ KOHCTaHTbI He IPeBOCXOAUT max{n, m}, rae n U m — OJAVHBI
3anmucyu X 1 Y COOTBETCTBEHHO, T.€. cocraBisieT O(max{n, m}).

OTMeTHM, YTO 3Ta OLIEHKA COBIIAAET C OLIEHKOM YMcIa «I1aroB» Mpu
CJIO’KEHUM MHOTropa3psifHbIX uucel. bonee TOro, o1eHKy 4ucia 1aroB MHO-
TOJIEHTOYHOM MalMHbl ThlopUHra 60/1ee afieKBaTHbI OLIEHKaM Yucia «iia-
roB» KOMIIbIOTEpA, pellalouiero Ty Xe 3afayvy, YeM OLeHKM YMCIa «I1aroBy»
OIHOJIEHTOYHOJ MaluHbl ThIOpMHTa AJ1s1 3TOM 3agayuM.

B KauecTBe yrpakHeHUS] MOKHO HalmMcaTh IporpaMMy MHOTOJIEHTOY-
HOI1 MalyMHbl ThIOPUHTa, BRIYMCISIIONILYIO IIPOM3BeAeHMe ABYX uucen (Uim
XOTst 6b1 pa3paboTaThb IJIaH ISl TAKO¥ MporpaMmsl). MOXXHO MCIO/Ib30BaTh
MSATUWIEHTOUYHYIO0 MaliMHy ThIopMHra, B KOTOPOJt Ha NepBbie Be JIeHTHI 3a-
MUCHIBAIOTCS COMHOXUTENU (MCXOAHBIE JaHHbIE), Ha TOCTEIHIOI — pe3yib-
TaT paboThl, a 3-51 U 4-5 JIEHTh! CTYKAT AJIS1 BLITOTHEHMS IPOMEXYTOYHbIX
BbIUMC/IEHMI! (aHamorMyHo MaccuBaM D1 u D npy YMHOXEHUMM MHOropas-
PSIOHBIX YMCen).

OLIeHMB YMCIO LIaroB 3TOi MaliMHbl ThIOpMHra, MOXXHO y6eauThCS,
YTO OHA COBINAZAET C OLIEHKOI YMC/Ia «IIAaroB» IIPY YMHOXEHUU MHOropas-
PSIOHBIX YUCe.
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3.3. MawuHbl TblopuHra. Tesuc TeiopuHra — Yépua

3.3.4. Teopema 0 yucne Waros MalLMHbI
TbIOpMHra, Moaenupyiouien paéory
MHOrOJIEHTOYHOM MaLUUHbI TbIOPUHra

Teopema 3.3. Ilo Bcsikoit k-neHTOYHOM MammHe TolopuHra MTK, 3a-
KaHuMBalouleit paboTy C MCXOAHBIMM AaHHbIMM X 3a t IIAaroB, MOXHO I1OCT-
POUTb OOHONIEHTOUHYI0 MaliMHy Thiopunra MT1, pe3ynbTaT paboThl KOTO-
POt C UCXOMHBIMM JaHHBIMM X COBMAfaeT C pe3y/lbTaToM paboThl MCXOLHOM
M YUCJTO IIaroB KOTOpoi1 cocTasnset O(t?).

Joka3saTenbcTBO. [IycTh IMHA 3aMMCU UCXOOHBIX JAaHHBIX paBHA N,
npuuéMm n € t. ByneM cuutathb, YTO 1-5 1IeHTa BXOOHas, a NOCIeHSsST — BbI-
XOZIHasl.

Hai-mmare (i = 1, ..., t) iyivHa 3anmucy Ha j-it tente MTk (j = 2, ..., k) Mo-
KET YBEIMUUTBLCS He GoJiee yeM Ha eIMHMULLY (T.e. CTaTh PaBHO i), TPUUYEM
3anMCh HOBOrO CMMBOJIA MOXXET ITPOUCXOOUTD KaK B CepefyuHe CJIOBa, TaK U
Ha OAHOM M3 ero KOHLI0B. IIpy 3TOM comep>kumoe JIeHT UMeeT BULL:

X

Kondurypauus mogenupymomeit MmamHbsl MT1 B 3TOT MOMEHT UMe-
eT BUA;

XxqXix. . *xX!

1

TPY HEKOTOpOM 1.

Ins momenupoBaHus i-ro mara MTk mamyHa MT1 mo/mKHa AJ1s1 KaKIo-
roj=2,...,k:

- CIBUHYTb rOJIOBKY Ha CMMBOJI, 0603peBaeMblit MTk Ha j-ii 1eHTe (He
6onee yeMm |IX/ || + [IX/|| maros);

- IpOU3BeCTU JeiicTBue, KoTopoe MTKk MpoM3BOAUT CO CIOBOM X/
(1 mar);

- B CJTy4yae HeoOXOAMMOCTH TIePEMECTUTh BCE COIEPKMMOE JIEHTHI ITpa

vy k j
Bee MOJIOKEeHYSI TOJIOBKM Ha O HY sSTYeiiKy BIpaBo (He 6oree yem 421,”_ "X ; ||
11aroB);

k J
- BEPHYTbCS B UCXOIHOE TOJIoKeHMe (He Hornee ueM Zj,=j||X,. " 1IaroB).
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Bcero npu monenvpoBanuu aeitctsust MTk ¢ OGHUM CMMBOJIOM Ha i-M
miare 4ucino maroB MT1 He IpeBOCXOOUT

k . . k o k o
b st Stl
Jj=2 J'=J J=]

k

szk:(i+i+l+5iij=2(5(k—j)i+2i+l)=
Jj=2 J=j

yer
- —;-Si(k—1)(k—2)+2i(k—1)+2(k—1)=
= %i(k ~1)3k-4)+2(k-1).
ITIpocyMMMpOBaB MOTy4eHHOE BhIpaKeHue Mo i = 1, ..., t, uMeeM:

> ille-1X3k-4)+2(e-1) =

1
i=1

= 2= 1) —4)’('2_ ). 26-1)-0fe'r)

Tak Kak k siBnsieTcs1 KOHCTaHTO¥, To nomyyaem O(t?).

3.3.5. MHororonosuaTtbie MalUMHbl TbIOPUHIra

Bonee TouHO a1egoBalio 6bI HanMcaTb M-rojoBUYaThie MalIMHBI Thl0-
puHra npy ¢GUKCMpPOBAaHHOM M. B 3TOi MaTeMaTM4eCKOi MOZEeNy Mmpearno-
JlaraeTcsl, YTO MMEeTCsl M rOJI0BOK, KaXast U3 KOTOPbIX MOXeT 0603peBaTh
OIHY STYEIKy JIEHTbI. B 3aBMCMMOCTM OT COIEPKMMOrO BceX 0603peBaeMbIX
s;lyeeK MalllMHAa MOXeT U3MEeHUTb MM He U3MEHSITb COAEPKUMOe KaxXmoif
13 0603peBaeMbIX STU€€EK, CABUHYTHCS (MIM He CABUIAThCS) Ha OHY STYEKY
BJIEBO WIM BIIPABO.

B 3T0i1 MOZeny BO3MOXKHbI Ba BapMaHTa MOAMpUKaLUHU:

1) 3arpeT Ha TO, YTOOb! pa3Hble TOJIOBKM 0603peBaiy OOHY U TY XK€
siyeiky, TouHee, TpeboBaHue, YTOObI rONIOBKA C 6OMBLIMM HOMEPOM BCEraa
obo3peBasa s1yeiiKy, KOTopasi HaXOOUTCs IpaBee, YeM siyeiika, 0603peBae-
Mas roJI0BKO# ¢ MEHbLIMM HOMEpPOM;
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3.3. MawwuHbl TbtopuHra. Teauc ThiopuHra — Yépua

2) rOJIOBKaM TNPUIMCHIBAETCSI TIPUOPUTET, U B CJTydae, eCI¥ HeCKOJb-
KO TOJIOBOK 0603peBaloT OOHY M TY Ke siUeiiKy, KOMaHAa pacpoCTPaHsIeTcs
TOJILKO Ha FOJIOBKY C HaMBBICUIMM IIPUOPUTETOM, @ OCTJIbHbIE U3 3TUX TO-
JIOBOK ITPOITYCKAKOT CBOJA LIar.

Komanpa m-ronosuartoit MamiMHb! ThlopUHra MMeeT BUL:

q,(a,l,...,a,.m)—> q,(S,,...,Sm)(ajl,...,ajml

e s, ..., S, € {L, R, _} m 0603Ha4aloT COOTBETCTBEHHO CABMUIY BJIEBO, BIIpa-
BO WJIM OTCYTCTBME COBUTa OJIOBKMU.

MHororonoByaTble MaliMHbl ThIOpMHra MOXHO pacCMaTpuBaTh Kak
OIHY U3 BO3MOXXHBIX MoZeJeil napajjie/ibHbIX BbIYUCIEHUMA, UCTIONb3YIO-
IIMX O61IYI0 MaMSTh.

3.3.6. HepeTtepMMHMpOBaHHbIE MallMHbI TbIOPUHIra

HenetepMuHmpoBaHHble MaliMHbI ThIOPUHTa MTOTYYAIOTCSI, €/ B ITPO-
rpaMMe KJI1acCHMyecKoit MalMHbl ThIOpMHTa paspellnThb UCIIONIb30BaHMeE He-
COIVIaCOBaHHBIX KOMaHA. Kak ke cienyeT BBINOMHUTH, HAlPUMeEP, TaKyIO
napy KoMaHz:

q,0—>q,L1
q,0 — q,R0,

eCIM OfHA IpennyuchiBaeT U3MEHUTDb COOEPKMMOE SUEKM U B TOM XKe CO-
CTOSIHUM CABUHYTBCS BJIEBO, a A pyrasi — He U3MEHSIs1 COLEeP)KMMOTO STYEiKH,
COBMHYTBCS BIPAaBO ¥ U3BMEHUTD COCTOSTHUE?

Il1s1 BbIMOTHEHMS TaKOM Tapbl KOMAH[, JIeHTa HeleTe PMUHMPOBAHHOM
MaliuHbl TelOpMHra pasMHOXKAETCS, M Ha KaKI0i JIEHTE BbINOTHSIETCS POB-
HO OZHa U3 KOMaHz, JajibHelinye BblYMCIeHUsT Ha KaKA0¥ JIEHTe IIPoaoi-
YKaI0TCSl HE3aBMCUMO B COOTBETCTBMM C 061111 TporpaMMOoii.

[IpogemMoOHCTpMpYeM NMPOTOKON paboThl Haf MCXOAHBIMU AAHHbIMM |||
Crenyrouiei nporpaMmal:

q,/ > qR1
q,l = q,R0

q,% —> qy*.
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00g <" 000, * —> 000q,*
1R 0014+ —> 001g,*
010 <010q1* —> 010g,*
! 011g*—>011q*

0q,ll

all 10q.| < 100q,* —> 100q,*
1q,ll " 101g,* —> 101q.*

! 110q,* —> 110q,*
11q)<] %

111g*— 111g,*

Hew10)XHO YBMAETD, YTO 3Ta IIporpaMMa BBIMUCHIBAEeT 2" HabopoB U3
HyJIeit ¥ eOUHMIL AJIMHBL N, IPUUYEM B KayeCTBe MCXOOHBIX AAHHBIX B3SITO
YUCIIO N, 3aIIMCaHHOE B YHAPHOM CUCTeMe CUMCIIeHMS.

HenerepMmHMpoBaHHble MallyHb! ThIOPUHTa, KaK IPaBUIIO, UCTIONb3Y-
I0TCS IJIs1 IIPOBEPKM UCTMHHOCTHM yTBepxaeHuit Tuna 3Y P(X, Y) (cywecTBy-
eT TaKoi1 06beKT Y, OJIs1 KOTOpPOro CrpaBeliuBo yrepxkaeHue P(X, Y)). Iis
MPOBEPKM UCTMHHOCTY TaKUX YTBEPKAEHUI1 pabomy HedemepMuHUpOBaH-
Hoii mawuno! TeropuHza MoXcHO pa3éume Ha deéa smana:

1) atan yragbiBaHMS, IIPY peasu3alyy KOTOPOro JIeHTa B HeleTepMU-
HUPOBaAaHHOM pEeXMMe Pa3MHOXKAeTCs ¥ Ha KaKAO0M U3 HUX BbINUCHIBAETCS
«TIPETEHAEHT» Ha PellieHue;

2) 3Tar NpoBEPKH, TPU peain3alyy KOTOPOro MaliyHa paboraer B Je-
TEePMMHMPOBAHHOM PEXMMe U NPOBepsieT KOHKPETHOTO «IIpeTeHAeHTa» Ha
TO, SIBJISIETCS 1Y OH pelieHueM.

BMecTo 0QHOrO 3aKII0UUTENIBHOTO COCTOSIHMUS g, 06bIYHO IPY 3TOM MUC-
TNIONB3YIOT ABa q, U q,, (Mpoucxoasmux ot cios Yes u No). Henerepmunmpo-
BaHHasi MalMHa ThbIOPMHIa 3aKaHUMBaeT paboTy B COCTOSIHUM (,, €CIIU XOTS
6b1 Ha OHOJ U3 JIEHT OHa IpuIlJIa B COCTOsIHMUE q,. EC/iM Ke Ha Bcex JIeH-
Tax HeJleTePMMHMPOBaHHas MallliHa ThIOpMHIa IIPUIILJIA B COCTOSTHUE g, TO
Y1 BCSL Malll¥Ha 3aKaH4MBaeT paboTy B 3TOM COCTOSIHUM (.

3.3.7. Teopema 0 YMUcne LWaros MaLluHbl
TblOpUHra, MmogenupyioLlen paéory
HeAeTepMMHUPOBAHHOM MaLIMHbI TbIOPUHIra

Teopema 3.4. Ilo BcsIKOi HeseTepMMHMPOBAHHO MauiuHe ThIOpUH-
ra, mposepsitouieit npenykar 3Y P(X, Y) u 3akaHumBarouieit pabory ¢ ucxon-
HbIMM JaHHbIMM X 3a t Iar0B, MOXKHO IOCTPOUTb OAHOJIEHTOYHYIO MalUUHY
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ToiopyHra, pe3ynbraT paboThl KOTOPO# C MCXOAHBIMY AAaHHbIMM X COBMa-
JaeT C pe3yabTaToM paboThbl MCXOOHOM M YMCIO LIaroB KOTOPOM COCTaBIsI-
et 200,

Il nokasaTenbCTBa 3TOM TeOpeMbl IOKAKEM ABe JIEMMBI.

Jlemma 3.3. Ecnu HeerepMMHMpOBaHHas MallyHa ThropuHra, npose-
psironiast mpeaukar 3Y P(X, Y), 3akaHuMBaeT paboTy ¢ MCXOOHBIMY JaHHBIMU
X 3at waros, TO IJIMHA 3alUCU «IIPETeHAEHTa» Y He IPeBOCXOAUT t.

VTBepKaeHMe IEMMBI CJiefyeT U3 TOro, UTO JIMHA 3alIMCH CJIOBa HE MO-
XeT GbITh O0JIbLIIE, YEM YMCIIO IIAr0B, 3aTPaueHHbIX Ha €ro BhIMMUCHIBAaHYE.

Jlemma 3.4. Ecnut HenerepMMHMpPOBaHHAs MalivHa ThlOpUHTa, IpoBe-
pstiomast npenukart 3Y P(X, Y), 3akaHuMBaeT paboTy C MCXOOHBIMM JAHHBIMU
X 3a t 11aroB, TO KOJIMYECTBO «IIPETEHAEHTOB» Y He peBocxoauT 290,

HokasaTenbcTBO. [lyctb A= {a,, ..., a,} — BHelIHMI1 andasut HexeTep-
MMHMPOBaHHO! MaliuHbl ThiopuHra. KonmuecTBo «IIpeTEHAEHTOB» m He
MPeBOCXOAMUT KOMIMYECTBa CJIOB B 3TOM ajiaBUTe, IJIMHA KOTOPBIX He Ipe-
BOCXOOUT t, T.e.

1 r+1 _
m Szk:’= k 1 Skl+l =2(l+l)logk =20(1),
pary k-1

TaK Kak k SIB/1sIeTCs1 KOHCTaHTOlA.

JokasaTejbCcTBO TeopeMmbl. PaboTy eTepMUHMPOBAHHO MalIMHbI
TplopyHra opraHusyeM creayroumm obpasom:

- nopoxaaem Y,, nposepsieM P(X, Y)) € t miaros;

- mopoxkpaem Y , mposepsieM P(X, Y ) < t maros.

O611ee YMCIO IWAroB He PEBOCXOMUT M - t < £200) = 20(t+logt) = 20,

a 3.4. HOPMAIJIbHbIE AJTTOPUTMbI MAPKOBA

Teopuss HOpMaJbHBIX AJIrOPUTMOB (MM anropudMoB, KaK HasbiBall
ux cosgatenb Teopum) [12] 6bu1a pa3paboTaHa COBETCKMM MaTeMaTUMKOM
A.A.MapkosbiM (1903-1979) B koHLe 1940-x — Hayase 1950-X rT.

Onpenenenue. MapKOBCKOM NOACTAHOBKOIM P — Q Ha3bIBaeTcs
onepauus Hag, cioBamu P u Q, cocTosiiias B cienymoueM. B o6pabaTbiBae-
MOM CJIOBe R HaxXOIsT IepBoe BXOXAeHMe ¢10Ba P (ec/i TaKOBOE MMEETCs)
U, He U3MeHsIs1 OCTAJIbHBIX YacTeil ¢J10Ba R, 3TO BXOXXIEeHMe 3aMeHSI0T B HEM
coBoM Q. ITormyyeHHOe C/10BO Ha3bIBAeTCS Pe3y/IbTaTOM IPUMeHeHUs: Map-
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KOBCKOJ1 ITOACTAaHOBKM K C¢JIOBY R. Eciu ke BxoxxgeHust P B CJIOBO R HET, TO
CUMTAETCs], YTO MapKOBCKas OACTAaHOBKa P — Q He IpMMeHMMa K CJIOBY R.

MapkoBckasi MoJACTaHOBKa Buaa P — -Q Ha3bIBaeTCs 3aKJIIOUM-
TeJIbHOM.

Pe3ynbraToM IpMMeHeHMs] OOCTaHOBKU P — Q K CJIOBY R sBisieTcs
CJIOBO, ITOJTyYeHHOe U3 R B pe3yibTaTe 3aMeHb! [1epPBOT0 BXOKAEHUS B HEro
croBa P Ha oo Q. Tak, HanipyMep, pe3yibTaTOM IIpMMeHeHMsI IO, CTaHOB-
KU m — P K CJIOBY papa sIB/eTcs CJIOBO mapa.

IMoacTaHoBKa P — Q Ha3bIBaeTCss HEIPUMMEHMMOM K CIOBY R, eciiu
CJ1I0BO P He BXOOUT B CJ10BO R. Tak, Hanpumep, NOACTaHOBKA S — p He IIpU-
MeHMMa K CJIOBY papa.

VnopsiioueHHbli  KOHeYHbI CIIMCOK IO CTaHOBOK

R >[] g

P —4[~] 0,

B andaBuTe A Ha3bIBAETCS 3aNMMChl0 HOPMAJILHOIO AIropuT™Ma B A (3a-
MMCh TOYKYM B KBafipaTHBIX CKOOKaX 03HA4aeT, YTO OHA MOXKET CTOSITh B 3TOM
MecTe, a MOXKET OTCYTCTBOBATh).

IIpyMeHeHMe HOpMaJIbHOTO airopuTMa MapkoBa K coBy V B andaBu-
Te A COCTOUT B HaXOXXIEHUM IIepBOTro ITpaBuia, KOTOPOEe MOXXHO NIPUMEHUTD
K V, u npumeHeHuu ero. [Tporiecc mpomo/pKaeTcsi ¢ OMTyYEHHbIM Ha IIpefibl-
IyuieMm iare cioBoM. To eCTb Ha Ka)XAOM Liare UILETCs IepBasi IOACTaHOB-
Ka, KOTOPYIO MOYXHO IIPMMEHUTD K TEKYIEMY CJIOBY.

Ec1y Ha HEKOTOPOM 11are NMpMMEeHEHO 3aKJII0YMTebHOe IIPaBUiIo Wi
He NPMMEHEHO0 HY OHO M3 IPaBWJI, TO AITOPUTM 3aKaHYMBaeT paboTy 1 ero
pe3ylbTaTOM CUMTAETCs ITOTyYeHHOe Ha Moc/IefHeM 1uare CJIoBO.

3aMeTMM, YTO Ha IPOMEXKYTOYHBIX llarax BbIYMCIEHUS YHOOHO MuC-
T10/1b30BaTh pacliMpeHye UCXOOHOro adaBuTa.

IIpumep. [TepeBecTy IBOMUHYIO 3aMMUCh HATYPaJIbHOIO YMC/Ia B BOCh-
MEpUYHYIO.

s pelieHys 370 3a8a4y MOYKHO BBECTH BCIIOMOTraTeIbHbIe CUMBOJIbI
# 1 §, KOTOpBIE TOMOTYT HaM OTAENATD 110 3 uMdpsI ¢ KOHLA c1oBa. CHavyasia
ITIOMETUM HauaJio CIoBa CMMBOJIOM # (IIOACTAaHOBKA 14) U «IpoTalim» ero
JI0 KOHLIA coBa (rmopcraHoBkM 1 u 2). IToacraHoBKa 14 3anucaHa nocien-
Helt, TaK KaK CMMBOJI # BCTaB/ISIETCS Nepef NIepBbIM BXOXIEHUEM CHUMBOJIA
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MCXOOHOrO ¢JIoBa. Bce mpomexyTouHble c10Ba 6ymyT comepskaTh KaK UCXOL-
Hbl€, TaK Y CTy>keOHble CUMBOJIbI, I03TOMY, YTOObI KOMaHAbI C HYUMM BbIIOJI-
HSUIMCh, OHYU AOJDKHBI IIPEIIeCTBOBAaTh KOMaHAaM 6e3 cry:ke6HbIX CMMBO-
JioB. Ha KOHLIe cj1o0Ba 3aMeHMM # Ha § (IT0ACTaHOBKa 2).

Tpu cuMmBona nepep, § 6ynem 3aMeHsITh Ha COOTBETCTBYIOIIYIO BOCbMe-
puuHyio umepy (MoxcraHoBky 4—-10). [ToCKONMBbKY B IBOMYHOI 3aI1CH YMCIa
HeT BeAyILIMX HyJIei, TO AJIsl ABYX IePBbIX MG P, COOTBETCTBYIOLMX BOCbMe-
puuHbIM 1MbpaM 2 u 3, 3anmcaHsbl noacTaHoBKY 11 u 12, g mepBoit BOCb-
MepUYHOI eAVHULIBI 3aMTMCaHa OACTaHOBKa 13.

l.#c—> c#
2.#8
3.000&8 — &0
4,0018—> 81
5.0108 — §2
6.0118 — 83
7.1008 — 84
8.1018 > §5
9.1108 — 86
10.1118— 87
11.108—> -2
12.118—> -3
13.18§ > -1
14.1 5 #1

Hpouecc paGOTbI 3TOro HOpMaJIbHOIro aJiropyTMa C ABOMYHBIM YUC/IOM

1001110011 BeIrSAMT CIeQYIOMMM 06pa3oM (3ammch 15 03Havaer, uTo me-
pexop OT ¢JI0Ba K CJIOBY OCYILECTBJIEH I10 ITPaBUIIY h):

1001110011 »&> #1001110011 »-lﬁ 1#001110011 .1—> 10#01110011...

L5 100111001#1 ~Ls 1001110011# —2 10011100118

6100111083 -5 1001853 45 15153 135 1153

IIpumep. IIpoBe pUTb, SIBISIETCS I CIOBO B ajidaBUTE A MATMHAPOMOM
(T.e. UMTaeTCs OOMHAKOBO KaK CJIeBa HAIpaBo, TaK U ClIpaBa HaJIeBO, B Yac-
THOCTM ITyCTOE C/IOBO). B CiTyyae nonoxXuTenpHOro 0OTBeTa 3anmcaTh CMMBOJ
T, a B cJryyae OTpMULIATEIBHOrO — CUMBOJ L.

[TomeTm 1-¥ cMMBON C10Ba (MPaBUIIO 6) U «IIPOTALMM» €r0 B KOHeL]
(npaBuio 3).
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Ecmu Ha KOHLIe MOMYYEeHHOrO (JI0Ba HAXOHSATCS OAMHAKOBble OYKBBI
(HeromMeueHHasl ¥ IIOMeYeHHasl), TO cTupaeM UX (IpaBuio 4). [TocKoOAbKY
METOK HeT, TO HauMHaeM IIPOBEPKY CHayasia, TpU4YéM eC/iy CTEPThI BCe CUM-
BOJIbI WM OCTAJICSI TOJIbKO OOMH CMMBOJI, TO ITMLIEM OTBeT T (IIpaBwia 7 u 8).

Ec1y Ha KOHLIe MOJTYYeHHOro CJIoBa HaXOASITCS pa3Hble OYKBbI (HEIO-
MeuyeHHasl ¥ IoOMeyeHHast), TO CTUpaeM UX U CTaBUM CMMBOJ L (paBuio 5).
Bce cumBonel nepen, L ctupaem (npasunia 1 u 2).

B npuBenEHHOM HMKe a/IrOPUTMe NTPUMeHeHbl «<MaKpOIpaBuia», B KO-
TOpBIX 6YKBa C MUCII0Mb30BaHa BMECTO 10601 6ykBbl andasuta A. [Ipu uc-
T0/1b30BaHMM B OJHOM IpaBuie GYKB € 1 ¢, UMEETCS B BUAY, UTO 3TO JIo6ble,
MOXeT ObITh, pa3nyHble OYKBbI aidaBuTa A.

1. cL-» 1L

2. 1l -1

3. #cHc, > cHcH
4, cHcH >

5. cHch —» L
6. cc, > cHcH
7. cC—H>-T
8. ->-T

TIporecc paboThl 3TOr0 HOPMAaJIBHOrO aropuTMa co cJioBoMm NON BbI-
ISAMT CIeqyIomuM 06pasoMm:

NON -85 o#NuN 35 ON#Ne 45 0. L5 T.
IIporecc paboThI 3TOr0 HOPMAJILHOrO aropuT™Ma co c1oBoM NOT BbI-
ISSOUT CIeRyIoImyM o6pa3om:

NOT -85 o#N#T 35 ON#T# 5501 L5 1.25 1,

IU1st HOpMaJIbHBIX &JITOPUTMOB MMEET MeCTO YTBePXKIeHMe, aHaJIOTUy-
Hoe Te3ucy Yépua u Tesucy Toropunra — Yépua [12].

IIpurnun Hopmanu3sauuu Mapkosa. Beskass MHTYMTUBHO BbIYMC-
numasi GyHKUMSL MOXET ObITh BhIUMCIEHA C TOMOILIbI0O HOPMAJIbHOTO aj-
ropuTMa.

Kaxk u B cryuae Teauca Uépua u Te3uca TeropyHra — Yépua, 3T0 yTBEpXK-
JEeHYe Hellb3s1 HY I0Ka3aTh, HY OITPOBEPrHYTh, TaK KaK B GOPMYIMpPOBKeE yT-
BepXKIEHMs1 MPUCYTCTBYeT Hedopmanu3oBaHHOE IOHATUE <UHTYUTUBHO
BbIUMCIMMas QYyHKLIMS».

Ho cnipaBennuBa Teopema.
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3.5. KOHCTPYKTUBHbIE O6BbEKTbI

Teopema 3.5. Cienyrolye Kiacchl GyHKLMIA COBIIAfAIOT:

a) K1acc Bcex QYHKIMIA, BBIUMCIMMBIX 10 ThIOpUHTY;

6) K1acc Bcex YaCTUYHO PEKYPCUBHBIX QYHKIIMIA;

B) KJIaCC BCEX HOPMaAIbHO BBIYMCIMMBbIX DYHKLINIA.

B yacrHOCTH, JIErKO MOXKHO 0Ka3aTh, YTO 110 BCSIKO IIporpaMMe Ma-
mwMHbl ThIOPMHra MOXKHO MMOCTPOUTb HOPMA&IbHBIN AJITOPUTM, BBIYUCIISIO-
Mt TY JXe QYHKLMIO.

JleiACTBUTENIbHO, KOKI0M KOMaH e MalilMHbI ThIOpYHTa ITOCTaBMM B CO-
OTBETCTBME CJIenyIolMe 3aMeHbI (cM. Tabu. 3.1).

Tabnuya 3.1

CooTBeTCTBME 3aMEeH B HOPMAJIbHOM aJIrOPUTMe
KoMaHpaaM MamuHbl TelopuHra

Komanga MT 3aMeHa KommeHTapuit
9,4, 9,4, q,a,— 9,4, j,re{l,..,k},ite{l,..,n}
94, qlLa, aga,—>q,a4, jyre{l,..,kLit,le{l,..,n}
q,4,~> qRa, qa,—>agq, jyref{l,..kLitell,..,n}
9,4, ~ q,4, qa,—>-a, je{l,.., k)i, te{l,...,n}
q,a,— q,La, aga;—>-ag, jell,..,khLit,le{l,..,n}
qa,—> q.Ra, qa,—>-a, jef{l,...,k}ite{l,...,n}

[Ipy 3TOM MOC/IEAHUMM B 3aIIMCU HOPMAILHOTO ITOPUTMA AO/DKHbI
6bITh 3aMeHBbI BUIA a, — q,d, TIe a, — CUMBO/ paboyero andaBuTa MalIMHbI
ThiopyHTra, IPUCYTCTBYIOLMI1 B KOMaHaX, B JIEBOJ YaCTU KOTOPHIX MMeeT-
Cs1 COCTOSIHME q,.

u 3.5. KOHCTPYKTUBHDIE OBbEKTbDI

3aMeTMM, YTO BO BCEX NPUMBEAEHHBIX Bblllle MaTeMaTUYECKUX TOHS-
TUSIX IrOPUTMa OHM 06pabaThIBalOT CJIOBAa B HEKOTOPOM andasure. Mo-
JKeT I10Ka3aThCsl, YTO 3TO He TaK B ONpeAeleHUM peKypCUBHbIX GyHKImit. Ho
IO CYTU B PEKYPCUBHBIX QYHKLMSIX UMC/Ia ITpeCTaB/lIeHbl B YHAPHOI CUCTe-
Me cuucneHus: umelotcs: pyHkumu O U S, B KauecTBe HaTypaJIbHBIX Yuces
BBICTYTIAIOT (KaK M B aKCMOMAaTUYeCKOi TeOPUU YUCeN) NIOCTOSIHHbIE TEPMbI
Buaa S(... (S(0)) ...). B HexoTOpOIt IMTEpaType BMeCTO (GyHKLMM S UCITONb-

-63-



MMABA 3. TEOPUA ANNTOPUTMOB

3y1oT WTpuX. Tak ¥ nosmyyaeTcsl yHapHas 3amuch YMci1a, HayMHaloLasCcs
c vyns: 0,0, 0" ..., 0N,

Onpegnenenye. KOHCTPYKTUBHbBIE 0OBEKTBI — 3TO OGBEKTHI, KOTOPbIE
MOTYT 6bITb TOCTPOEHBI M3 KOHEYHOTO YMC/Ia UCXOTHBIX OOBEKTOB C TOMOLBIO
MpMMEHEeHMS] K HUM KOHeYHOr0 Y1C/Ia CTPOro ONpeAeéHHbIX OnepaLmii.

O6BIYHO KOHCTPYKTMBHbIE OOBEKTHI (SI3bIKM) 3aJAIOTCSI C MTOMOIIBIO
(dhopManbHBIX FpaMMaTHK. B 3ToM yue6HOM ITOCO6MM He GYAYT M3maraThCs
¢dopManbHble rpaMMaTUKY, a GYIEeT MPOAEMOHCTPUPOBAH CII0co6 3aaHus
KOHCTPYKTMBHBIX 06bEKTOB C ToMolLIbio popmyn Bakyca.

®opmynel BaKyca umeror BUA;:

(ITonamue) ::= (Ilonamue 1) | ... | ({Tonsamue n) | (ITonsmue i) *

(ITonsimue j) | ... | (TToamue i) # ... % (ITonsmue i,).

3nech (fIonsamue) — 310 UMs onpenenseMoro obbekra; (ITonamue iy —
UMS$ paHee ONpenenéHHOro, WM UCXOLHOTO, MM OIIpefensieMoro 00beKTa;
* #, % — Kakue-n1b0 U3 OOITYyCTUMBIX OIepaLMif; 3HaK ::= YUTAETCS KaK «3TO
€CTb»; 3HaK | YUTAETCS KaK «UJIU»,

CaMbIM NPOCTBIM KOHCTPYKTUBHBIM OOBEKTOM SIBJISIETCS CJIOBO B 3a-
naHHoM andasurte A ={a,...,a}.

(byksa) ::=a,|...1a,

{cnoso) ::= (6ykea) | (cn08o) (byksa)

IIpu TakOM onpeneneHMM MyCTOe CJIOBO He SBJ/ISIETCS CIOBOM, YTO He
OuY€eHb YIOOHO MpY pellieHUM MHOTMX 3amay. YTo6bl UCIIPaBUTh 3TOT HE#Oo-
CTaTOK, MOXXHO BBECTH IOHSITME ITYCTOrO CJIOBA ¥ U3MEHUTD OINpeneeHue
CJI0BA.

{nycmoe cnogo) ::=

(byksay ::==a,|...|a,

{cnoao) ::= {nycmoe cnoeo) | {cnoso) (byxsa)

Bonee CI0KHO OmnpenesnsieMblM KOHCTPYKTMBHBIM OOBEKTOM SIBJISIET-
cs1 ABOMYHAs (MU JeCSITUYHAS, WIM m-U4YHasl) 3al1MCh HaTypaJbHOro YMCia.
Kasanocs 651, yTo 310 C210BO B andasure {0, 1}. Ho npo6nema B ToM, uTO 3a-
MUCh HATYPaJIbHOTO YMCJIA, OTVIMYHOTO OT HYJSI, He HauuHaeTcs ¢ 0%, B cBsiau
C 3TMM NPUIETCS BBECTU MIOHSITHE HEITyCTOro c/1oBa B andasure {0, 1} u ue-
JIOTO TIOJIOXKUTEIBHOTO YUCIIA.

5 B MaTeMaTMuecKoi1 JIOTMKe M TeopuM aJIrOpUTMOB umcio 0 IpUHATO Cuu-
TaTh HaTypaJIbHbIM, B OT/IIYME OT anre6psl, rae HaTypaabHble YMcia HauMHAIOTCS
C eIMHULLBI.

-64-
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(yugppa) ::=01 1

{(0 - 1) cnoso) ::= (yueppay | {(0 - 1) cnoso) (yuppa)

(yenoe monoxxkurensHoe) ;.= 1{(0 - 1) cnoso)

(HamypansHoe) ::= (yenoe nonoxumensHoe) | 0

O6BexkTaMu, caMo oIpee/ieHye KOTOPbIX HaTaJIKMBAeT Ha MbIC/Ib 06 UX
orpeneneHny ¢ moMolubio hopmyn BaKyca, SIBISIOTCS TPONO3ULIMOHATbHbIE
dbopmysnebl. [IpobemMa COCTOMT B TOM, YTO B MX OIpene/NeHUU IPUCYTCTBY-
€T IOHSITUE MPOIO3ULIMOHAIbHOI NepeMeHHOM. ECTh HECKONIBKO BLIXOZIOB
U3 3TOrO NoJoxkeHus. I1epBblil (IJ10X0i1) — CUUTATD, UTO IIOHSATHE ITPOIO3U-
LIMOHAJILHOM IIepEMEHHOM SIBSIETCS] MUCXOOHBIM, HO TOIA Y HaC B UCXOOHBIX
00BbeKTax MOSIB/ISIETCSI GECKOHEYHOE IMOAMHOXECTBO. BTOpOit — cuMTaTh, YTO
MPOIO3ULIMOHAIbHAS TIepeMEeHHast — 3TO CJIOBO B 3alaHHOM ayiaBuTe, Ha-
YMHAIOLIEECs C ONpeneTeHHOM (MM OOHOI U3 (PUKCUPOBAHHOTO MHOXKECT-
Ba) 6ykBbI. HioKe NMpuBenEH He caMblit YI0GHBIN 1)1 MCITO/Ib30BaHMst, HO KO-
POTKO 3aMM1ChIBaEMBbIi1 CITIOCO6 OIpeneneHus:

(npono3suyuoHansHas nepemeHHas) ::= p | (nponosuyuUoHanbHAs1 nepe-
MeHHas1)1

(nozuueckasn ceaska) ;=& |v|—> | |D|

(npono3uyuoHanvHas ¢opmyna)y ::= (NPonNO3UYUOHANLHAS nepeMeHHas |
~(npono3uyuoHansHas ¢opmyna)y | ((npono3uyuoHansHasn opmynay (n1ozuuec-
Kas cea3ka) (Npono3uyuUoHanbHas opmynay)

& .. PAznuumnE MEXAY
MATEMATUYECKUMM NOHATUSMU
AJNITOPUTMA U NMPOrPAMMAMM

[IInpoko pacrpocTpaHeHO MHEHMe, YTO AJITOPUTM U IIporpaMmmMa — 3TO
OIHO M TO 3xe. [1o KpajiHel Mepe BCsIKasi IpOrpaMMa peanusyeT HEKOTOPbI
anropuTMm. B uéM ke pasnmnume MeXAy IporpaMMoit iist KOMITbIOTEpa U Ma-
TeMaTUYECKUM ITOHSITUEM aJIrOpUTMa?

[Ipexxme Bcero BCSKOe MaTeMaTUUeCKOe IOHSTME aJropuTMa MMe-
eT JeJI0 C MOTeHLMATbHO 6€CKOHEYHBIM MHOXECTBOM KOHCTPYKTMBHO OIl-
penenéHHbIX UCXOOHbIX JaHHBIX. B TO ke BpeMst pa3Mep MCXOOHBIX AAaHHBIX
IU1s1 Mo603 MporpaMMbl OrpaHuyeH JIM60 06bEMOM OIepaTMBHOM NMaMsITH,
160 06BEMOM BHEUIHUX HOCUTENEN U T.II.

CyuecTByeT 3amevyaTe/nbHasi KOHCTaHTa 2202, Ha nepBblit B3MISLA, YUCIO
KakK yucno. CTymeHThl OQHaKIb! Ha JIEKLMM OYeHb 6bICTPO BHIYMCIMIN MHE
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ero Ha Kajbkynsitope. Ho uto, eciv TpebyeTcsl IpOM3BeCTH TaKOe Koludec-
TBO JEeCTBMIT MM UCITONB30BaTh TaKOi 0OBbEM MMaMSITH, T.e. IIPEICTaBUTh
€ro B YHapHOIt cucteme cumcieHusi? I1o cBeneHusIM aCTpOHOMOB U GU3U-
KOB, 3TO YMCJ/I0 H0sbllIe, YeM KOJIMUECTBO IeMEHTapHbIX YaCTULL B BUAMMOIA
yacTty BceneHHOI, a Takke 6osblle, YeM KOJMYECTBO CEKYHJ, MpOIIeAInX
¢ MoMeHTa Bonbuioro B3peiBa (ec/iv OH 6bLT).

B 6GonblIMHCTBE SI3BIKOB IIPOrpaMMMPOBaHMS MMEKOTCSI TaKue TUIIbI
IaHHBIX, KaK integer, real, string v T.11. IIpaBzia 11, YTO KOMIIBIOTEP AEACTBU-
TEJIbHO MMeeT AeJO0 C JII0ObIMU LIeTbIMU M BellleCTBEHHBIMU YMCIaMU WIN
C IPOM3BOJIbHBIMM CTPOKaMM CMMBOJIOB? B 1. 1 MBI yoke BCIOMMHAIN, UTO
JIeiCTBUS C LeIbIMY YMCIaMM TTPOU3BOASITCS IT0 MO0 2'¢ my 2%, a Tak-
’Ke pacCMOTpe/y, KaK C 3TUM MOXHO «60poThcsi». Uucna tTuna real — 310
U BOBCe He BellleCTBEHHbIE YMC/Ia, a pallMOHA/IbHbIE, MMEIOIMEe KOHEUHYIO
JeCSITUYHYIO (MM OBOMYHYIO) 3armuch. TpaayLMOHHBIM o6pa3oM ompeze-
JisieMble BellleCTBEeHHbIe YMC/Ia He SIBJISIIOTCSI KOHCTPYKTUBHBIMM 06beKTaMU
Y He MOTyT GbITh AITOPUTMUYECKM (MJIU TPOrPaMMHO) 06paboTaHBbl.

Ho cornacurech, YTO TakMe MaTeMaTUUeCKue MOHATUS, KaK MallMHa
ThIOpMHra MM HOPMaIbHBINA anroputM MapKoBa, OTHIOAb He ITpUeMJIeMbl
IJIS TPaKTUYEeCKUX BbIYMCIEHU, HO SIBJISIIOTCS JIUIIb UX TEOPETUYECKMMU
MOZEe/SIMM.

B Hacrosilee BpeMsl UMeeTCsI MHOIO MaTeMaTUYeCKMX MIOHSATUM aJro-
pUTMa, KOTOpble HAMHOTO O/IMKe K COBpEMEHHBIM IIpOrpaMmam, HO Yy BCex
HUX VUICXOOHbIE JaHHbIe — 3TO KOHCTPYKTUBHbBIE 0OBEKThI, MHOXXECTBO KOTO-
PBIX NOTEHLMAIbHO 6ECKOHEYHO.

OnHMM M3 MNepBbIX MaTeMaTMYeCKUX IMOHSITUIA arOpuTMa, KOTOpOe
HaIlOMMHAaeT 3bIK IPOrpaMMMUpOBaHMs, siBaseTcs: anroputm OnuBepa.

Hpennonarae'rcn, YTO MMeeTCda INOoTeHLMaJIbHO 6ec1<0HeqHa51 IMaMsITh,
SIYe KM KOTOPOI 3aHyMepOBaHbl. B Kakao0i1 iueifKy MOXXeT ObITh 3alIMCaHO
paLMOHaJIbHOE YMCIOo (TTapa — Liesioe U Lieioe MoNoKUTeNnbHoe). Onpenene-
HbI CJIeQYIOLIME ONepaTophl:

i =,}+’b
r; =I}—Ib
n =’}.’b
r..=r.:.r

1

M
ifr, =0 then goto M.

JpyruM MaTeMaTM4yeCKMM MOHATHEM JITOPUTMA MOXET CTYXKUTb Oa-
30Bas Bepcust 3bika Pascal ¢ Toi pa3Hulieit, YTO sTeiikM, B KOTOPBIX Xpa-
HSITCS 3aIIMCH, TOTEHIIMAIBHO 6@CKOHEYHBI.
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3.6. Pasnuuune MexXay MaTeMaTu4eCKUMu NoOHATUAMU anropmuT™Ma U NnporpaMmamu

HakoHel, IMPOKO pacrnpocTpaHeHa Takasi MOZAEIb MaTeMaTUYECKOTO
TIOHAITMS AropUTMa, Kak RAM (Random Access Memory) — mMaliMHa c rpsi-
MBIM JOCTYIIOM, B KOTOPOJ paspeliieHa onepauus cloxeHus. Vimerorcs eé
monudukauyy: RAM ¢ ymuoxxenreMm u BOOL-RAM (paspelieHbl Topaspsif-
Hble JIoruyeckye onepauuu ¢ 6HapHBIMU CTPOKaMM).

JInst BceX 3TMX MareMaTUYeCKMX MOHSITUIA arOpuTMa MMEIOT MeCTO
YTBEP)KAEHMS, aHAJIOTMYHble Te3ucy Yépua.

[Toxa peyb UAET TOIBKO O BO3MOXXHOCTYU MMOCTPOEHMUS aITOPUTMa, pe-
WIAIOIIErO TY MJIX UHYIO 33[1a4y, BCE 3TU ITOHATUS SKBUMBAJIEHTHBIL. B 171, 4 6y-
JleT paCCMOTpeHa Teopysl CJIOXKHOCTM aITOPUTMOB. [L1s1 afieKBaTHO OLIeHKU
BpeMeHM paboThl TPOrpaMMbl Ha KOMITbIOTEPE MOAXOASIIMMM U3 TIepeyumc-
JIEHHBIX SIBJISIOTCS JMUIIb AeTepMMHUPOBAHHbIE MoAM(MKALMY MalIMHbI
TrlopuHra, HOpMasbHble aIrOpUTMbI U RAMBL.

ViipakHeHUs.

HanucaTs nporpammbl MaliyHbl ThIOPMHra ¥ HOPMaJIbHOTO JITOPUT-
Ma, peluaolme crenyoume 3agaum. Hanmucatb mpoTOKOI paboThl € 3a8aH-
HbIMM UCXOZHBIMY JAHHBIMMU.

1. Tlpenukat paBeHCTBa ABYX CJIOB B andasute A={a,,...,a }. UcxonHble
JIaHHbIE: @) IOM, IOM; 6) IOM, JaM.

2. BeruncieHue npenmkara «X KpaTHO TpeM», rae X 3alaHO B JECSTU-
YHOI1 cucTeMe cumuciienusi. cxogHble JaHHbIe: a) 242; 6) 243.

3. [ToMmeHSTh MeCTaMM IEPBYI0 Y IIOC/IENHIOI0 OYKBHI CJIOBA B ajihaBUTE
A={a,...,a }. VicxonHble JaHHbIE: AOM.

4. 3ameHuTs i-10 UMdpy uncna X Ha uudpy a (i 3agaHo B yHApHO CHUC-
TeMe cuuciaeHus, X u a — necsitudHele). VicxonHsle gaHuble: i = 3, X = 331,
a=2.

5. Beruncenure MAX(X, Y), roe X, Y 3amaHbl B JBOMYHOI CUCTEME CUUC-
nenns. Ucxogusle maHHble: a) X=2,Y=3;6) X =6, Y=23.

6. Beruucomuts yceueHHY10 pasHocTb X — Y, roe X, Y 3amaHbl B ABOMY-
HOJ cuCTeMe CUUCTIeHHS].

X-Y,ecnu X >V,

X=-Y=
{ 0 WHaue.
Hcxonguble gpanuble: a) X=3,Y=2;6) X=2,Y=3.
7. BoluMcUTh 3HaYEeHMe ITOCTOSTHHOM MPONO3ULIMOHATBHOM (POPMYIIBL.
Hcxonusle naHHsle: (-t v f) - -t) & t. 3gecs t — o603Havaer true, f — 0603-
Hauaer false.
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8. BeruncmMTh 3HaYeHMe MPONo3uLMOHaIbHOM Gopmyibl B THD ¢ nBy-
M [epeMeHHbBIMM Ha 3aJaHHOM Habope 3HauyeHMil. icxomHble JaHHbIE:
x=true,y = false,~x & yv -y.

9. BeruncnTh 3HaueHMe Npono3uLMoHaNbHOM ¢popmynsl B KH ¢ nBy-
M repeMeHHbIMM Ha 3aaHHOM Habope 3HauyeHMit. icxonHble HaHHbIE:
x=false,y=true,(-xvy) &-y.

10. BeruMcIuTh LieNIyI0 YacThb OT AejIeHus X Ha 2", rae X — IBOMYHas 3a-
MUCb HAaTYpaJbHOr'0 YMC/IA, N — YHapHasl 3allMCh HaTypalbHOro uncia. Mc-
XOfHble laHHble: X = 18 ,n=2 .

11. BelMUCIUTD OCTAaTOK OT JeJIeHUs X Ha 2%, rle X — OBOMYHAas 3allCh
HaTypaJbHOTO YMC/1a, N — YHapHast 3anMCh HaTypaJIbHOro uucia. VicxomHelie
naHHble: x=20,,n=2 .

12. BerymcauTh pousBefeHue x Ha 2", rae X — ABOMYHAS 3aIMCch HaTy-
paJIbHOTO YMC/Ia, N — YHApHAasl 3aMMCh HaTYPaIbHOTO yucia. VicxonHble naH-
Hple: x=20,,n=2,.

13. B ciose u3 andasura {a,, ..., a, b,, ..., b,} Bce 6yksb1 a, (i = 1, ..., k)
3aMeHUTb cioBamu 0 M 0. Mcxonnble nauHsle: k=3, n =4, cnoso a,b,a,b,.

i pa3s

14. BoruucInUThb NpegyKaT geMMOCTM YMUCIA X Ha Y, 3alaHHBIX B YHap-
HOJA cucreme cuucnenus. VicxopHble faHHble: x =9, ,y=2, .

15. UuBepcus cosa B andasurte {a,, ..., a,}. icxonHele nanuble: n =5,
c1oBo: KOT.

B KauecTBe ynpaXHeHMi1 Ha onpeAeeHMe KOHCTPYKTUBHBIX 00bEKTOB
MOXXHO IIPeJIOKUTD CJIEAYIolIMe 3a0aun:

1. 3armucaTs popMmysl Bakyca, onpenensioiue:

- LieJIble uncia;

- pauMOHaIbHbIE YKCiIa (ONpenensieMble Kak Ilapa yucen);

- pauyoHaIbHbIe Yucia (onpenenseMble Kak KOHeUHast My 6eCKOHey-
Hasl mepyoauyecKas 3anmch);

- DeCSATUYHYIO 3alIUCh HaTyPaJIbHbIX YMCeJl, KPaTHBIX TPEM.

2. JJoxasatb, UTO AeCSITUYHAS (WIM ABOMYHAS) 3alMUCh BEleCTBEHHBIX
YJCeN He SB/ISIeTCS KOHCTPYKTUBHBIM 06BhEKTOM.

3. 3anucatb hopmyinbl Bakyca, onpenensiomye:

- TepM;

- IpeayKaTHyIo Gopmyy;

- KOMaHAy MauyHbl ThIOpUHTa;

- MapKOBCKYIO [TOJICTAaHOBKY.
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3.77. TeopeMbl O HEBO3MOXXHOCTU NOCTPOEHUa anroputMa

4 5.7. TEoPEMBI 0 HEBO3MOXHOCTH
NOCTPOEHUS AJIFOPUTMA

Kak yxe roBopmiocs, MaTeMaTYeCKye MOHSTHUSI AITOPUTMaA IOSIBU-
JIMChb Ha CBET O/1arofiapsi TOMy, UTO BO3HMK/IA HEOOXOAMMOCTb JOKa3bIBaTh,
YTO He CYLIeCTBYeT IFOPUTMa, pelialollero Ty Wiy MHYIo mpobiemy. B atom
naparpacde 6yayT JOKa3aHbl TEOPEMBI JJIs HEKOTOPBIX TakMX 3amay. Ecrec-
TBEHHO, YTO TaKMe 3aa4y JO/DKHBI 6bITh YETKO CHOPMYIMPOBAHBI B ONHO-
3HaYHO IIOHMMAaEeMBbIX TepMMHAX.

3.7.1. Kog anropurMma. [IpuMEeHUMOCTb anropurma
K AAHHDbIM. YHUBEPCaJibHbI# afirOpUTM

TTOCKONMBKY KaKAbI aNropuTM (B TepMMHAX MaTeMaTUYECKOro IOHS-
TUSI QITOPUTMA) MOXeT ObITh 3aiaH CBOeJ ITporpaMMoi (M TepMOM AJIs1
PEeKYpCUBHBIX GQYHKIMIA), KOTOPas SIBJISIETCS CJIOBOM B KOHEUHOM asiaBuTe,
TO 3TO C¢JIOBO 6yZieM HasbIBaTh KomoM anroputma. Koxg anropurma A 6ynem
0603HavaTh MOCPEACTBOM #A.

Onpenenenue. AJITOPUTM A Ha3bIBa€TCS HPMMEHMMBIM K JaHHBIM P,
eC/IM OH 3aKaHuYMBaeT paboTy Haj JaHHBIMM P 32 KOHEYHOe YMCJIO 111aroB:

LA(P).

Onpepenenue. AJiroput™M A Ha3bIBaeTCsl CaMONIPUMEHMMbIM, eCIU
OH NPUMEHUM K COOCTBEHHOMY KOAY:

IA(#A).

Onpenenenue. AJIrOpUTM A Ha3blBaeTCsl CaMOAHY/JIMPYeMbIM, eClu
pesy/bTaT ero NpyMMeHeHust K COGCTBEHHOMY KOAY paBeH ITyCTOMY CJIOBY:

A(#A) = A.

Onpenenenue. Airoput™M U Ha3blBaeTCsl YHUBEPCAIBHBIM, C/IU 1S
mo6oro anroputMa A ¥ UCXOOHBIX JaHHBIX P, K KOTOpHIM OH IPUMEHMM,
U npuMeHNM K #A 1 P 1 pe3ynsTaThl X paboThl COBIIAAAIOT:

VAP(IA(P) - \U(#A, P) & U(#A, P) = A(P)).

B HEKOTOpPOM CMbIC/IE YHUBEPCATbHBI AJITOPUTM SIBJISIETCSI @HAJIOTOM
OZIHOTrO M3 BUJOB KOMITbIOTEPHBIX TPAHC/ISITOPOB, 2 UMEHHO MHTEPIPeTaTopa.
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OnpeneneHye. AITopuTM B Ha3biBaeTCs NMPOAO/DKEHUEM aJITOPUT-
ma A (A c B), e 1151 TIO6bIX UCXOTHBIX AAHHBIX P, K KOTOPBHIM IIPUMEHVM aJl-
TOPUTM A, aITOPUTM B TO3Ke IpUMeHM U pe3yIbTaThl MX paboTh! COBIALAIOT.

VP('A(P) — 'B(P) & A(P) = B(P)).
3.7.2. TeopeMbl O HecyLleCTBOBaHMUMU aNropurMa

Teopema 3.6.1. He cymectByeT Takoro airoputMa B, KOTOpbIi Ipu-
MEHMM K KOJ,aM TeX Y TOJIbKO TEX aJITOPUTMOB, KOTOPbIE He SIBJISIIOTCS CaMO-
NIpPUMEHUMbBIMU:

-3BVA(IB(#A) & -~'A(#A)).
HokasaTenbcTBo. [1pearnonoxmm, 4to Takoi airopUTM B CyLIeCTBYeT:
VA(IB,(#A) & ~lA(#A)).
Torna npu A = B, BepHO:
'B,(#B,) <> ~!B(#B,)),
YTO HEBO3MOYKHO.
Teopema 3.6.2. He cyiecTByeT TakOro airoputma B, KOTOpbI paBeH

HY/IIO Ha KOJAX TeX M TOJbKO TeX aJIr0PUTMOB, KOTOPbIE He SIBJISIIOTCSI CAaMO-
aHyIUPYyeMbIMMU:

-3BVA(B(#A) = A <> A(#A) # A).
HoxasaTenbcTBO. [Ipearnonoxum, YTo Takoi anropuT™ B, cyiiecTsyeT:
VA(By(#A) = A <> A(#A) # A).
Torpa npu A = B, BepHo:
B(#By) = A <> ~B(#B) # A)),
YTO HEBO3MOXKHO.
Teopema 3.6.3. He cyuiecTByeT BCIOLY IIPMMEHMMOrO MPOSO/DKEHUS
YHUBEPCAJIbHOrO aJlrOpUTMa.
JHoxa3saTenbCTBO. [Ipenonoxum, YTo TaKOi aIropuT™ B, CyILieCTBYeT.
IMocTtpoum anroputm C, ompepensieMblii paBeHCTBOM Vx(C(X) =

= B(x, X)|la,)’. DTOT anropuT™M BCIOAY NPUMEHUM M, CIEAOBaTENbHO,
TNIpUMeHIM K co6cTBeHHOMY Koy  C(#C) = By(#C, #C)l|a,.

¢ P||Q o3HayaeT KOHKaTeHalMi0 (MpUMIMCbIBaHMe ApYT K Apyry) cjioB P u Q,
a, — MepBblii CUMBOJI BLIXOAHOTO a/daBuTa.
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3.8. Maccosble NpobneMbl. ANropuTMUYecKas paspewimMocTb U Hepa3pewnMoCTb

Taxk Kak B, — NPOfI0/DKeHME YHUBEPCATIHOTO a/IT0PUTMA, TO BEPHO, UTO
VAP(!A(P) — 'B(#A, P) & B(#A, P) = A(P)), B yacTHOCTH, IpU A = C, P = #C
By(#C, #C) = C(#C). 9TO NpOTMBOPEUNT MOTYYEHHOMY paHee 3HaYEeHUIO [Ist

C(#C).

¥ 3.5. MACCOBBIE NPOENEML.
ANTOPUTMUYECKAS PA3PELLIMMOCTb
W HEPA3SPELLMMOCTb

Onpepenenue. MaccoBoif mpo6G/1eMoit Ha3bIBaeTCs 3aiaya BUA:

(7X) (%),

e ¢(x) — dopmyna Kakoro-m60 GopMaaM30BaHHOTO SI3bIKa CO CBOGOIHOI
MIepeMeHHOM X U 3a7jaua YMTAeTCs KaK «IIpy KakuX X BepHa opmyna ¢(x)?».
[Ipymepamy MacCOBBIX IIPo6IEM MOTYT CITY;KUTD CJIELYIOLIYe:
1. IIpu kakuMx 3HaYeHUSIX KO3 UIMEHTOB KBafpaTHBIM TPEXUIEH
MMEET BellleCTBEeHHbI KOPEHb?

(?a, b, c) Ix(x e R & ax*+bx + c=0)

2. IIpu kakux 3HaueHusIX TapaMeTpa m 3HayeHye KBapaTHOrO TPEX-
yieHa 6osbllie HyJS U1 BCeX X U3 oTpe3ka [0, 1]?

(?m)(Vx(x € [0, 1] > mx%+ 2(m - 1)x + m - 3 > 0))

3. Y KaKuX MHOTOWIEHOB C LeIbiMy Ko3dduieHTamMmu P umeroTcs 1ie-
JIble KOpHU?

(?P) 3x(x € Z & P(x) = 0)

4. Y KaKuX IOJIMHOMOB P OT HECKOJIBKMX IT€PEMEHHBIX C LIeJIbIMM K03(-
dbuLMeHTaMM UMEIOTCS LieJIble KOPHU?

(?P) 3X(X € Z* & P(X) = 0)

5. Kaxkue mponosyumoHaibHble (GOpMybl TABTOMIOTMYHBI (T.e. UCTUH-
HbI 151 1I060ro Habopa NMPONO3ULMOHAIbHBIX IEPEMEHHBIX)?

(?F) (F — TaBTONOTMYHAs TIPONO3ULIMOHaIbHAS hopMya)
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6. Kakue npeamkaTHble GopMybl 0611e3HAUYMMBI (T.€. B 106051 MHTEp-
npeTaLyy Ipy o6bx Habopax 3HaueHuit NpeIMeTHbIX IepeMeHHbIX Gop-
MyJia MUCTUHHa)'?

(?F) (F — obue3Hauumas popmysa MCUMCIEHMS IPeIUKATOB)

Omnpepenenne. MaccoBasi npo6iema (?x) ¢(x) HasbIBaeTCsl AJITOPUTMM-
YeCcKM paspelmMoii, eciy CyleCTBYeT BCIOAY NPMMEHMMBIit airopuTm B,
PaBHbIi1 ITyCTOMY CJIOBY A Ha T€X Y TOJIBKO TeX 3HaUYeHUSIX TapaMeTpa X, [JIs
KOTOpBIX BepHa (opmyna (?x) ¢(x).

IBVx(B(X) = A <> ¢(X)).

B npuBenEHHBIX TpMMepPax BCe MacCOBbIe NPo6eMbl, KpoMe 4 U 6, SIB-
JISIIOTCSl QJITOPUTMMYECKM paspeliMbIMU. B 1-71 OCTaTOYHO NMpPOBEPUTH
3HaK AMCKPUMMMHAHTA. 2- — CTaHJapTHas 3ajava ¢ napamerpom. i mpo-
BEPKM 3-i1 HY)XHO Pa3/IOXUTh CBOOOOHDI WIeH MHOrO4IeHa Ha COMHOXM-
TEJIU Y TIPOBEPUTD, SIBJISIIOTCS JIV AETUTENM CBOOOAHOrO ieHa (M1 OHM CO
3HAKOM MMHYC) KOPHSIMM MHOTo4IeHa. [l1s pelieHus 5-i JOCTaTOYHO MOC-
TPOUTH TaBMUIYY UCTUHHOCTMU.

B 4-m npumepe chopmynuposaHa X npobnema ['mns6epra. Cam [ib-
6epT K Hauary XX B. GopMynMpoBas €€ Kak «[IOCTPOUTDb aITOPUTM, IT03BO-
JISTIOLIMIA 110 TPOU3BOJILHOMY ITOIMHOMY C LIe/IbIMY Ko3duLiieHTaMy Haii-
TU BCE €ro LieJIble KOpHM». ITa pobieMa B OTPULIATE/IbHOM CMBICIIE (T.€. YTO
TaKOro aJITOpMTMa He CylecTByeT) 6bU1a peiieHa B 1969 T.

B 6-M npumepe chopmynupoBaHa rnpobnemMa npoBepky o61e3HaYM-
MOCTY (UTO PaBHOCMJIBHO BBIBOAMMOCTY B MCUMCIEHUM NPEOUKATOB) Ipe-
OukaTtHolM dopmysbl. CxeMa gOKa3aTelbCTBA €€ aiTOPUTMUUECKOi Hepas-
pemMocTy OyzeT faHa ganee.

TeopeMbl 06 aIrOPUTMHUYECKOMN HEPA3PELUNMOCTH

JoKakeM aJIrOPUTMMUECKYIO Hepa3pelIMOCTb HEKOTOPBIX MPOCTeit-
XX MAacCOBbIX IIPOGJIEM.

7 [IpumepoM o06111e3HaYMMOi GOpMYIIbI ABSETCS VXA <> —3x—A 115 106 0it
dopmynsl A. IIpumepoM Heoble3HaUMMOI Hopmyssl CTyRUT IXP(X), TaK KaK eciu
P(x) MHTepIIpeTUPYeTCs KaK «CTYAEHT X ObUI Ha JIeKLMY, Ha KOTOpOt 6bIIM CITyHIa-
Tem», To 3Ta hopMyna uctTuHHa. Ecnm ke P(x) MHTepIIpeTUPYeT s KaK «X — HaTy-
panbHoe yucio u x + 1 = 0», To 3Ta hopmyrna J0XKHa.
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3.8. Maccosble npobnemMbl. ANropuUTMUYecKas paspeLlMocTb U Hepa3peLwwmnMocTb

Teopema 3.7.1. MaccoBas rmpo6sieMa caMOITpMMEHMMOCTY JITOPUTMa
(?A) 'A(#A) anroputTMuyecky Hepaspelyma.

Jloka3aTeabCcTBO (OT IPOTUBHOrO). [Ipennonoxum, uto (?A) !A(#A)
ITOPUTMUYECKYM pa3peliyma, T.e. UMEeeTCs BCIOAY IIPUMMEeHMMBbIii aJITOPUTM
B, Takoi 4TO

VA(B,(#A) = A <> A(#A)).

ITocTpoum anropuTm C, KOTOPBIi PUMEHMM K JaHHBIM X TOTZ1A Y TOMb-
KO TOTZ1a, Koraa B (X) # A. JIokasaTe/IbCTBO TPOBEAEM /IS TAKOrO MaTeMaTy-
YeCKOro IMOHSITUSI AJITOPUTMA, Kak MalliuHa TelopyuHra.

Ilycts M, — nporpamMmMa MalivHb! TbIOpyHTa, BEIYMCISIONIEN B) 1 uMe-
IOLLEJA COCTOSTHUS (g, G5 +-» Gy

3ameHMM B iporpamMmme M, COCTOsSIHMeE q, Ha q,, , , ¥ J06aBUM KOMaH/bl:

Qa1 * > Qe ™
G, .4 —> 4,3, TAe @ — Mo60oii HEMyCTOoj CUMBOI BHEIIHeTo andaBuTa;

Q4+, G, ,9 TA€ a — M060jt CUMBOI BHeLIHETo ajibaBuTa.

Ota MamuHa TblOpUHra 0CTaHOBUTCS, eciin By(P) # A (T.e. ~!A(#A)),
1 rosioBKa GyzeT 6eCKOHEYHO ABUraThCsl BIIpaBo, e B (P) = A (T.e. lA(#A)).
Ho no Teopeme 3.6.1 Takoit ManiyHb! ThIOpMHra He CyLeCTBYET.

Teopema 3.7.2. MaccoBasi mpo6iemMa CaMOaHy/IMPYeMOCTH aIrOPUTMa
(?A) A(#A) = A anropuTMHMYECKM Hepaspelyma.

Joka3zaTeabcTBO (OT MPOTUBHOYrO). [Ipennonoxkum, uto (?A) A(#A) =A
QITOPUTMMUYECKM Pa3pelyMa, T.e. UMEETCsl aifOpUTM B, Takoii 4To

VA (B(#A) = A <> A(#A) = A)).

IMocTtpoum anroputm C, KOTOPbIi paBeH ITyCTOMY CJIOBY Ha T€X U TOJb-
KO TeX JaHHBIX X, /151 KOTOPBIX B (x) # A. Jloka3aTenbCTBO NPOBeNEM J1J1si Ta-
KOro MaTeMaTH4yeCKOro IMOHSITUSI AITOPUTMA, KaK MalliuHa ThlopyHra.

Ilycts M, — nporpamma MaiuyHbl ThiopMHra, BbluuCIsioNeit B, u ume-
IO/ COCTOSTHUS G, G, - -+ G-

3aMeHuM B IIporpaMmme M, COCTOSIHME ¢, Ha q,, , , ¥ 06aBMM KOMaH/bI:

Quar* > 4o 15
Gyy.,a—> q,,., 0, TIe a — 106051 HEeMyCTO/ CMMBOJ BHELIHETO ai(aBuTa.

Ota maimHa TeropuHra faér B otsete 0, ecsin B(P) # A (T.e. A(#A) = 0),
Y HeHyneBoe 3HaueHue, em B (P) = A, (1.e. A(#A) # 0). Ho mo Teopeme 3.6.2
TaKoi1 MalMHbI ThIOPUHIA He CYIECTBYeT.
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MABA 3. TEOPUA AJITOPUTMOB

Teopema 3.7.3. MaccoBasi npo6iema Ip¥MeHMMOCTY aJIFOPUTMa K AaH-
HbIM aJICOPUTMMYECKM HepaspellyMa HU B OOHO U3 ciemyomux Gopmy-
JIMPOBOK:

1. (?A P) lA(P).

2. (?A) A(P).

3. (?P) A(P).

3ameuanme. Bo BTOpoit U TpeTbeit GopMyIMpoBKax MMeITCs cBo6ox-
Hble ITepeMeHHbIe P U A COOTBETCTBEHHO. II0 HMM INpearnonaraeTcs KBaHTOP
cyiectBoBaHMs. VI3 airopuTM4ecKoi HepaspeuyMoCTy IpobieMbl B Tpe-
Theil GOpMYIUPOBKe CJIeAYeT aIrOpUTMMUECKasl Hepa3pelyMoCTh Ipobiie-
MbI B 11epB0i1 GOPMYITMPOBKE.

Kpome Toro, eciu Joka3aHa airOpuTMuYecKasi HepaspelymocThb IIpo-
61eMbl B TpeTbeit popMyIMpoBKe 151 KOHKPEeTHOrO aJirOpUTMa U B Kayec-
TBE OAHHbIX P B34Thl T€ JaHHbIE, IJII KOTOPbIX HEBO3MOXKHO ONpeneluThb
MIPMMEHUMOCTD K HUM 3TOT0 aJIC0OPUTMA, TO TEM CaMbiM OyaeT foKka3aHa aj-
rOpUTMMYECKAs! Hepa3pelMOCTb ITpobieMbl BO BTOPOi (JOpPMypPOBKe.

[To3TOMY JOKa)XXe€M aJIrOPUTMMYECKYIO Hepa3peluMoCTb NpobieMbl
B TpeTbeit GOpMYyIUpOBKe ISl YHUBEPCAIbHOI'O aJITOPUTMa.

Jlemma. MaccoBas npo6ieMa MpUMEHMMOCTY YHUBEPCAJIbHOTO ajro-
puTMa K gaHHbIM (?P) {U(P) anropuTMuU4YecKy Hepaspelmma.

Joka3saTenbcTBO (OT NPpOTHMBHOrO). [Ipeamnonoxum, uto (?P) tU(P) an-
rOpUTMMUYECKHM pas3pelnma, T.e. UMEeeTCsl aIf0PUTM B, Takoi 4To

VP (B,(P) = A <> U(P)).

IMoctpoum anroputm C, KOTOPBIit Iy1s KOAa JII060ro anropurMa A 1 uc-
XOAHBIX JaHHBIX P B KauecTBe oTBeTa BbINAET A(P), ecm B (#A, P) = A, u oC-
TaHaBJIMBAETCS B IPOTUBHOM CTydae. JJoka3aTelbCTBO IIPOBELEM 1Sl TaKO-
ro MaTeMaTMYEeCKOTro ITOHSATUS aJITOPUTMA, Kak MaliyHa ThlopuHra.

IIycrs M, — nporpaMmma MauyHsl TblopuHra, Bbruncisiomest B, u ume-
10Llejt COCTOSIHUS q, 4, .., q,,- B€3 TI0TepU O6IHOCTY MOXHO CYUUTATh, YTO
npy pabore 3TOi MaliMHbI ThIOpYHTa rOJI0BKa He CABUraeTCsl 1eBee CBOero
HavaJIbHOTO MTOJIOXKEHMS.

Iycts M, — nporpamma MaiuuHbl ThlopuHra, Beramcsiioweit U v ume-
10111 COCTOSTHUS (, 4, ..., G,,-

B KauecTBe yIpaxHeHMsI MOYKHO ITOCTPOUTDh MalIMHY ThIOpUHra, KOTO-
pasi ny6nmupyeT BXOGHOE CJIOBO M OCTaHaB/IMBAETCS B HayaJie ero BTOPOro 3K-
semruispa. Iyctb 3Ta ManHa MMeeT nporpammy M, ¥ MUMeeT COCTOSIHMS q,,,

Ay e Qi
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3.8. MaccoBsble npobnemMbl. ANropuTMUYeckas paspeLunMocTb U Hepa3peLlMMOoCTb

3aMeHuM B porpamMme M, cOCTOsIHME G, Ha q,,, ,, B Tporpamme M, co-
CTOSIHMS q, Ha q,, ;Y1 G, Ha G, ,, ¥ B06aBUM KOMaH/bL:

qk()*kl*rl A-> qk0+k1+2L *

Qio+ 11+, 4 4,0, TA€ a — 1106071 HEITYCTOV CUMBOJI BHELIHero andaBuTa;

Qo+ 142 A= Qg+ 1 + LA, TAE A — JT106O¥A HEITYCTOJ CMMBOJ BHELIIHETO aJl-
(daBura;

Gorrara* = Diganass R

Tlob6aBuMm Taioke nporpamMmmy M,, B KOTOPOI 3aMeHyM cocTostHms g, (i # 0)
Ha qk0+k1+2+i'

JTta MaiiyHa TelOpUHTra SIBSETCS BCIOAY NPUMEHMMbBIM MPOIO/DKEHU-
€M YHMBepCaJIbHO¥ MaliyHbl TbIOpMHTra, HO 10 TeOpeMe 2 TaKOi MallMHbI
ThIOpUHTa He CyLIeCTBYeT.

Teopema 3.7.4. MaccoBas mnpobiemMa IpoBepky O06IE3HAYMMOCTHU
NpeayKaTHO (OpMYIIbl AJITOPUTMUYECKM Hepa3pelma®,

Cxema poxka3aTeibcTBa. [Toctpoym o nporpamme M yHUBEPCAIbHO-
0 JIFOPUTMA M MCXORHBIM JaHHBIM P npenyKaTHyio GopmMyity, KoTopast uc-
TMHHA TOTHA ¥ TOJNBKO TOIHA, KOIa YHUBEPCAIbHBII JITOPUTM IIPUMEHUM
K JaHHbIM P.

I8t 3TOrO OCTaTOYHO PAaCCMOTPETDb UCXOAHbIe npenuKkathl O(], k) < «Ha
i-M 11are MalyHa M HaXOOUTCS B COCTOSIHUMM q,», H(i, j) <> «Ha i-M 11are Ma-
mmHa M 0603peBaer j-10 siueitky», S(i, j, h) <> «Ha i-M 1mare B j-it sTueifke 3a-
mACaH CUMBOII d,».

C momouipi0 3TUX MPEAUKATOB MOXHO ONMCaTh Bech mpoiecc pabo-
Thl YHUBEPCAJIBHOTO aJITOPUTMa Hall UCXOOHbIMU AaHHbIMU. TOT dakT, uTo
\U(P), 3anuieTcst GOpMyJIoii, B TOCbUIKE UMIUIMKALIMM KOTOPOI1 CTOUT OIHU-
caHue pabors! U Hapg P, a B 3akmoueHun — popmyina 3i0(i, 0).

Ecnu ucuucnenve npegykaToB aJITOPUTMMYECKM pa3peliMMo, TO CY-
1leCTBYeT aJiTOPUTM, KOTOPBIif 110 KKK 0¥ Takoit hopmMysie npoBepsieT, 06-
le3HayMMa JiM OHa (a CJIenoBaTeNbHO, UCTMHHA B NPENJIOKEHHO UHTEp-
npeTauumu) wiu HeT. Tem cambIM [NOCTPOEH aJITOPUTM, ITPOBEPSIOILNIL TPU-
MEHMMOCTb YHMBEPCAJIbHOTO aJITOPUTMa K AAHHBIM.

8 O6bIYHO TOBOPST, UTO UCUUCJIEHME NTPpEJUKATOB aJITOPUTMUYECKU Hepa3pe-
HIUMO.
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&) rnaea 4. TEOPUA cnoxHOCTH
ANFOPUTMOB

u 4.1. 3BAQAYU, NPUBOAALLUE
K MOHATUIO BbIMUCITIUTE/IbHOM
CJTOXXHOCTU AJITTOPUTMA

ITepBsle 2 MpuMepa yKe pacCMaTPUBAIMUCD BbIllle, HO 3€Ch OHY OYAyT
MpUBELEHbI elllé pas.

IIpumep 1. MOXXHO /11 IO YMCTY BBITIOIHEHHBIX OIIepaTOPOB IIporpam-
MbI OLIEHUTDb BpeMs e€ paboTsi? Harpymep, BepHO J1y, UTO BbINIOJIHEHME Cl1e-
OYIOLIMX TPEX ONEepaTOPOB 3aiiMET TPU €AMHULIbI BpeMEeHU:

l.x:=2%

2.y:=5;

3.z :=log(sin(x - y))?

B 3aBMCMMOCTM OT TOrO, KaK HalMCaH TPAHCUISITOP IJIS1 3TOrO SI3bIKa
IporpaMMMpOBaHusi, 1100 MepBblii onepaTop 6ymeT npencrasieH B KOAax
B Bupe if «rokasartenb creniedu» = 2 then x := z « z; else ..., 1M60 3Haue-
Hue x 6yIeT BLIUMCISITHCS 110 hopMyzie e2™, [py 3TOM 3HaYeHMsI M Jlorapud-
Ma, ¥ 3KCIIOHEHTbI BHIYUCISIOTCS C TOMOILBIO PSIOOB C HEKOTOPO# (JoCTa-
TOYHO XOpOlIeif) TOYHOCTbIO. B 60NMBIIMHCTBE TPAHCISITOPOB MUCIIONb3YEeTCS
MIepBbIii BAPMAHT JJIs1 BBIYMCIEHMSI KBapaTa, Kyba ¥ T.1. A 1Sl BbIYUCTIEHUS
25-1t creneHu?

BTopoit onepatop, 6€3yCIOBHO, MOXHO CUMTATh BBIOJIHEHHBIM 3a
OOHY eOVMHUILY BpEMEHU.

BhINOMIHEHME e TPeThero orneparopa 06s3aTe/bHO OymeT MUCIoNb30-
BaTb pa3/ioXeHus B psif GyHKLmit log u sin.

Taxk CKOJIBKO JKe 3/1eCh «IIIar0B» BbIYMCIEHUS ?
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4.1. 3apnauun, NpUBOASLLME K NOHATUIO BbIYUCTUTENBHOM CNOXHOCTMU anroputMa

ITpumep 2. IlogcumTaem UnCIO «111aroB» BIYMCIEHYS GYHKLMY a" IpU
PasnyYHBIX pa3pelléHHbIX 3/IeMeHTapHbIX OlepalysiX.

Ecn MOXHO MCIIONb30BaTh Onepanyy BO3BeOEeHMS B CTENeHb, YMHO-
JKeHYe U CJI0KeHMe, TO 3HaueHye QyHKLyM 6ymeT BbIYMCIEHO 33 OOMH «ILar»
(BO3BeeHMeE B CTENEHD).

Eciu e 3anpeTUThb UCIIONb30BaHMeE Ollepaliyiy BO3BeAeHMs B CTENeHb
(MIpUYMHBI CM. B IIEPBOM [TPUMEPE), TO, UCTIOIb3YSI AJITOPUTM OBICTPOro BO3-
BeJEHMS B CTeNeHb, IOTyYUM, YTO YUCJIO «LIAroB» (OrnepaLmii yMHOXEHMS)
MMeeT Nopsigok log n.

Kpome Toro, eci uncia a ¥ n JOCTaTOYHO BEIVKM, TO KaK OKOHYa-
TeJIbHbIN pe3y/lbTaT, TaK U pe3ylbTaTbl MHOTUX ITPOMEKYTOYHBIX BbIYMC-
JIEHUi1 He TTIOMECTSITCS B Sueiiky. CrieoBaTe/IbHO, HEOOXOAMMO BBITIONHSTD
JeACTBUS C YMCIIaMy IPOU3BOJIbHOM IUIMHBL, @ 3TO MOTpebyeT BhINONHE-
HUS JOTIOMHUTENbHBIX 11AaroB paboThl MporpaMmsl (CM. 1. 1 3Toro yue6-
HOTO 1ocob6ust).

IIpumep 3. BoruycieHue 3Ha4eHysI X + Y Ha OGHOJIEHTOYHO MalllMHe
ThIOpMHTa Py YUIOBMM, UTO X U Y 3a1aHbI B YHAPHOM CUCTEME CUMCIIEHMS.

13 ucxopHo koHdurypauum q, 1...1+ 1...1 MalmHa B poLIecce BbI-

—_— =
X y
YyCIeHMs 3a X LIaroB MPUAET B KOHPUIypaLuyio 1?_% q,+ L}; .

JBurasich BIeBO, MalllMHa NIPUAET B 3aKIIOUUTENIbHYIO KOHQUTYpaLMIO
G Ll...1 el 3a x + 1 mar.

x+y

Bcero 2x + 1 mar. OTMeTyM, UTO B 3TO¥ 3afaue YyMc/Io X M IJIMHA ero 3a-
ey coBnagaror (JIx] = x).

IIpumep 4. BoruyciieHye 3HaYeHUsI X + y Ha OOHOJIEHTOYHOM MalllyiHe
ThlopyHra npy yoioBuM, UTO X M y 3aaHbl B IBOUYHOM CUCTEME CUMCIIEHUS.

IIpu nepexope U3 MCXOAHO KOHGUIYpaLyH ,X + Y B 3aKIIOYUTENBHYIO
qox +y} (cM. 1aH paboThI Tako# MalMHbl ThiOpUHTa B ipumepe 2 1. 3) Ma-
HIYHe TIPULETCS MHOTOKPATHO MPOXOAUTD 3aIIMCh Ha JIEHTe ISl TOTo, YTO-
6bl 3aNIOMHMUTb OYepegHOI (CITpaBa) CMMBOJ 3aluceit X U y, a TaKkke 3alu-
caTh pe3ynbTaT UX CI0KeHUsI (MOKET ObITb, C TpubaBIeHNEM eOUHULIbI U3
NpenbInyIero pe3yabTaTa CIokeHus ygp). Obuiee YMCIO MaroB COCTaBUT
Olixll - llyl).

OTMeTuM, 4TO B 3TO¥ 3a7jaye YMCIIO X M JJIMHA ero 3almcy CBsI3aHbl CO-
oTHoweHueM ||x|| = O(log, X).
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MMABA 4. TEOPUA CNTOXXHOCTU ANTOPUTMOB

IIpumep 5. BeruyciieHye 3HaYeHUsI CyMMbI IBYX Yycel X + y Ha TPEX-
JIEHTOYHOJ1 MaiyHe ThIOpMHTa IIPY YCUIOBUM, UTO X U Y 3af,aHbl B ABOUYHOI
cucTeMe CYMCUIEHUS.

CnokeHue umces B 3TOV MOJEeNM IPOUCXOOAUT IIPUBBIYHBIM HaM CII0-
co60M CJIOXKEHMST «B CTOIOMK» (CM. mpuMep 3 1. 3). To ecTh cienyeT BbIPOB-
HATb 3amucy X ¥ Y 10 IpaBoOMY Kpalo U CKIafAbIBaTh LMpbl, KOKObIA pa3s
CABUTasiCh Ha OAHY STYeIKy BIIPaBo.

ITepexon oT

X

q,| Y | (McxogHas KoHpuUryparms)
*

X
| Y (3aKmounTeNIbHast KOHQUrypanus)
{x+1}

Npou30iAET He 60ee yem 3a 2max{||X]l, ||Y]l} + 3 mara®.

Ipy cpaBHeHMM YMCIa LIAroB B NpyMepax 3, 4, 5 MOXeT BOSHUKHYTb
OIIYILIeH}e, UTO CaMbli1 ObICTPBI1 CII0CO6 BHIYMC/IEHUS ITPeLCTaB/IeH B IIPU-
Mepe 3, B KOTOPOM IPOM3BOOMUTCS CIOKEHME 4yCell B YHApHOi cucreme
cuycnesus. Begp TamM YMCIO 1HAroB JIMHEMHO OTHOCUTEbHO AJIMHBI 3aIIMCU
MCXOOHBIX AaHHbIX. CpaBHMM IOMy4YeHHbIe oLleHKY 1S X = y = 1 000. B nep-
BoM nipumepe ||X]| = x = 1 000, a Bo BTOpoM u TpeTbeM ||X]| = ||Y]| = 10.

Yncto 1aroB BbIYMCIEHMS B 3STUX IIPUMepax COCTaBUT COOTBETCTBEHHO:

1. =2 000.
2. =200.
3. =20.

W3 3TMX NpuMepOB MOKHO CHe/aTh CIeAylollee 3aKioyeHue.

Ipu oyenke uucna uiazoe eviuuUcaeHUN He0OX00UMO yuUMbIBAINY:

1. MaTeMaTU4YeCKy0 MOZE/Ib airOPUTMa, C ITIOMOILBI0O KOTOPOTO OHU
TIPOU3BOISTCS.

2. Crioco6 npencTaBaeHUsT MCXOOHBIX JAaHHBIX.

3. [InuHy 3amycy pesyabTaTta Y IPOMeXyTOYHBIX BHIYMCIIEHUIA.

9 O6bparuTe BHMMaHue, 4TO NoMyyeHHas oneHka O(max{||X]l, [IY1]}) coBnaza-
€T C OLIeHKOJ} yuciia «11aroB» C/OXKEeHMs Yuces IIPOM3BOIbHONM JI/IMHbI, I0TyYeH-
HOM B 1.
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4.2. BpeMeHHana 1 éMKoCTHas (3oHanbHas) CNOXXHOCTU anropuTMa

u 4.2. BPEMEHHAS] U EMKOCTHAS
(30HANbHAS) CIIO)XXHOCTU AJITOPUTMA

ITon, BBIMMCIIUTETBHOM CJIOKHOCTBIO aJITOPUTMA NIOHMMAIOT QYHK-
uyio, 3aBucsiyio ot JIJIMHDI 3anucy McXOOHbIX JaHHBIX U XapaKTepU3YIOLIyIO:

- YUCA0 Wazos paboms! anzopummaHad UcXoOHsIMU 0aHHbIMU (BPEMEHHAST
CJIOKHOCTD);

- 00BEM namamu, HeobxoouMoli Ons pabomsl anzopumma Haod UCXOOHbIMU
O0aHHbIMU (EMKOCTHASI WY 30HAJIbHAS! CJIOKHOCTD).

Cnenyrouye onpeaeneHusi OTHOCATCS KakK K BPEMEHHOM, Tak U K éM-
KOCTHOJ CJIOXXHOCTH, TIO3TOMY B OIpefe/ieHUsIX He 6yeT yTOUHSTBCS, O Ka-
KOi1 MMEHHO CJIO)KHOCTU UIET peyb.

Onpenenenne. CroxxHocTbIO S, (P) anroputma A npu paboTe Haji faH-
HbIMM P Ha3bIBAeTCS YMCJIO IIArOB WY 00BEM NMaMATH, 3aTpayeHHbIE B IIPO-
1ecce paboTh! aIropuT™Ma A Hafi [aHHbIMU P.

Onpepenenue. BepxHeii (HIDKHEN) OIEHKOM CJIOKHOCTU aJITOPUT-
Ma A nipu paboTte HaJi JaHHBIMM AJIMHBI N HAa3bIBAETCS:

S¥n)= max {S,(P)},
PPl=n
COOTBETCTBEHHO

Skn)= min {S,(P)}.
Pi|Pll=n

B3auMHOe pacrionoXeHue HIDKHEe M BepxHeil CJIOKHOCTe! aJlfOpUT-
Ma A npu paboTe Haj JAHHBIMM IJIMHBI N Y HaJ, HEKOTOPbIMM JaHHbIMU P
C IJIMHOI 3aIIUCU n TIpeACTaB/IeHo Ha puc. 4.1.

S,(n)

e
/ S,(n)

n

Puc. 4.1. BsauMHoe pacnosoxeHue HUXXHe U BepXxHeil OLIeHOK C/I0)KHOCTU
anropurma A HajJ JaHHbIMM P ¢ IJIMHO 3a1UcK n
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MABA 4. TEOPWUA CNOXXHOCTU ANNTOPUTMOB

Onpenenenue. TouHO BepxHeii OLIEHKON! CJIOKHOCTHU 3ajauM Z
C UCXOOHBIMM JAaHHBIMU JIMHBI N Ha3bIBA€TCS:

Sfmy=  min  {SYn)).
A: A pemiaet Z

I[Ipumep cTyyas, Koraa AJisl 3aiauy Z MMEETCs TOJIbKO 2 a/iropuTMa A,
" A,, IpencTaByied Ha puc. 4.2. IIpy 3ToM TOYHas BEpPXHsS OLEHKa C/IOXK-
HOCTM 3ajauy Z COBIIQA@eT C Sj’](n) npul0<n<n,c sz(n) npun €n<n,
u ch’l(n) npun 2 n,.

HO)

S2(n)

n

n n

1 2

Puc. 4.2. IIpuMep TOUHOJ BepxHeil ¥ HMKHeN TOUHOM OLIeHKU CJI0OKHOCTU
TIpY CY1LeCTBOBAHUM TOJIbKO ABYX aJITOPUTMOB, pellalolyX 3afavy Z

HaxoxeHue TOYHO# BepXHeil OLeHKY CIOKHOCTYU 3ajauy — JOBOJIbHO
TPyAHOe (M K TOMy ke HebnaromapHoe) aeno. O6bIYHO YCTaHABIMBAIOT T10-
PSIIOK TaKMX OLIEHOK MJIY MX aCUMIITOTUKY:

fin) = O(g(m)) < 3CVn(f(n) < C- g(n)).

4.3. BPEMS PEAJIU3ALIUM
AJITOPUTMOB C PA3JIUMHOM
BPEMEHHOM C/IO)XHOCTbIO

To, 4TO 3KCIIOHEHTA PaCTET CYIIeCTBEHHO ObICTpee, YeM IOMMHOM, Hac
yuyaT HayyHasi CO LIKOJIbHBIX JIeT. DTO BCEM M3BECTHO, HO Tabi. 4.1 (B3siTas
13 [2]) MO3BOMSIET BOOYMIO YOEIMUTHCSI, HACKOIBKO NPaKTUYeCKM Helpyume-
HMMbI aJIFOPUTMBI, UMEIoLIMEe IKCIIOHEHIMAIbHYIO BPEMEHHYIO CIOKHOCTD.
dra Tabnuia Mpennonaraet, YTo CKOPOcTh paboTel KoMnbioTepa 10 onepa-
LMt B CEKYHAY.

Tabnuiry MOXXHO 3allOJTHUTh CAMOCTOSITENIbHO, B3SIB B PYKYM KaJIbKYJIS-
TOP ¥ BOCIIOJIb30BaBLIMCh T€M, UTO BpeMsl paboTsl T(n) BoIpakaeTcs yepes
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4.3. Bpema peanmMsaunm anropuTMOB C pasnnYHON BpeMeHHON CNOXHOCTbIO

GYHKUMIO CIOKHOCTH f(n) (KOMMUYECTBO OMNepaumii ¢ JaHHBIMU AJIMHO n)
u 6bicTpOnelicTBYE KOMIIbIOTEPa S (KOMMYECTBO CEKYHI, Tpe6yeMbIX Ha Bbi-
NoJIHeHMe opHoM onepauyn) dopmynoit T(n) = f(n) - S.
Tak, Ipy 3anoMHeH UM CTPOKM Tabmuiipl ¢ f(n) = 2" u S = 10-° nomyyaem:
T(10)=2'°.10%=1024-10°=0,001024 c.
T(20)=2%-10°=1024-1024-10°=1024-0,001024 ~ 1,048576 c.

T(30) = 2 - T(20) =~ 1024 - 1,048576 ¢ = 1073,741824 c =
= 17,8956970666667 MuH.
T(40) = 21 T(30) = 1024 17,8956970666667 MuH

= 18325,19379626667 MuH = 305,4198964044444 4y ~ 12,72582902518519 nueii.

T(50) = 21 T(40) = 1024 12,72582902518519 nHeir =
=13031,24892178963 nueit = 35,70205184051953 sner.

T(60) = 2'°- T(50) = 1 024 - 35,70205184051953 net = 36 558,901084692 net =
= 366 BEKOB.

Xenarouyie MOryT NOBTOPUTb 3T BbIYMC/IEHUS ISl OBICTPOAEICTBIUS
S =10, KoTopoe MHe Ha JIeKLMSIX 06bIYHO COOOIIAIOT CTYAEHTBI.

Tabnuya 4.1

Bpemsa BbIUMCJIEHUS IIPY 3alaHHOI BpeMeHHOM!
CJIOXKHOCTH f(11) ¢ UCXOBHBIMM JAHHBIMU JJIMHBI N

n
fmy| 10 20 30 40 50 60
n 105¢ | 2-105c | 3-10%¢ 4-10%c 5-10%5¢ 6-105¢
n? 10“*c 4-10%c 9-10*c 16-10%c 25-10%c¢c 36-10*c
n® 103 ¢ 8-103c | 27-103c | 64-103c | 1,25-10'c | 2,16-10"' ¢
n® 0,1c 3,2c 24,3 ¢ 1,7 muH 5,2 MMH 13 MuH
| 10%c lc 179Mun | 127 35,7 et 366
IHei BEKOB
. 108 . 1013
3 | 0059¢c | 58mmn | 65mer | 593 2-10 1,5-10
BeKOB BEKOB BEKOB

CYI.LIECTBYET MHEHHeE, YTO COBEPIIEHCTBOBaHME KOMIIBIOTEDOB U yBE-

NMYeHe CKOPOCTU UX paboThl MO3BONUT CYIECTBEHHO YMEHbUIUTD BpeMsl
pabotbi M106071 nporpammbl. Tabnuia 4.2 (B3sitast U3 [2]) MoKa3biBaeT U3Me-
HeHye HauboNbLIero pa3Mepa MCXONHBIX JAaHHBIX 3ajayy, peliaemoit 3a 1 4.
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MABA 4. TEOPUA CMTOXXHOCTU ANTTOPUTMOB

3nmece N, N,, N;, N,, N, N, — HauGonbliasi JUIMHa 3alMCcy UCXOAHBIX
JaHHBIX, IPY KOTOPbIX 337jaya rapaHTUPOBAaHHO MOKeT ObITh pelieHa 3a 1 u
IIpU YCJIOBUMY, UTO BEPXHSIS OlleHKa e€ BpeMeHHO CIOKHOCTY COCTaBJIseT N,
n%, n3, n’, 2", 3" COOTBETCTBEHHO.

Tabnuya 4.2

H3meHeHMe pa3Mepa 3aauM, peuniaemMoii 3a 14
NpHU yBeIMYEeHUM OBbICTPOAEICTBUS KOMITBIOTEPA

CkopocTb onep./c

OYyHKUMS

BpeMeHHOI1 10¢ 108 10°

CJIOKHOCTH
n N, 100 - N, 1000-N,
n? N, 10-N, 31,6-N,
n? N, 4,64 - N, 10- N,
n’ N, 2,5-N, 3,98-N,
2" N N; + 6,64 N, +9,97
K N, N, +4,19 N, +6,29

[IponoMKUTH 3TY TabIUITY IIPU APYTUX CKOPOCTSIX paboThI KOMITBIOTEpA
MOJKHO CaMMM, UCII0Nb3yst GOpMYITY:

fN) - 10°= f(N;') - 10%,

rae N, — Haubonbumit pasmMep MCXOAHbIX JaHHbIX 3a/1auy, pelraeMoi 3a 1 4
npyu ckopocT¥ paboTsl Komnbiotepa 10% f — cooTBeTcTBYIOLIAs QYHKLMS
BpeMeHHO# CIOKHOCTH.

Jlnst MONMMHOMMAIbHBIX 110 BpeMEHY aITOPUTMOB NPOUCXOAUT U3BJIe-
yeHue KopHH k-i1 crenenu (k =1, 2, 3, 5 [U1s NepBbIX YETHIPEX CTPOK Tabmu-
1bl) U3 Nx- 10 -6, TlosToMy yBe/MueHue pasMepa NpoUCXoauT B passl. Tou-

1-6
Hee,B 10 ¥ pas.

L1 3KCMIOHEHUMAIbHBIX 10 BpeMeHU aJIfTOPUTMOB IIPOUCXOOUT Jiora-
pudMMpoBaHye 110 OCHOBAHMUIO d (a = 2, 3 1Sl ABYX NOCIEAHUX CTPOK Tabmu-
11b1) BbipaxkeHust ai - 10°-6, TTockonbky log (a® - 10'-¢) = N, + (t - 6) log, 10, TO
yBeJIyeHye pa3Mepa NpOMCXOAUT Ha emMHMIBL. TouHee, Ha (t - 6) log, 10.
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&) rnaea s. knacebl cnoxHocTH
ANFOPUTMOB

u 5.1. KNNIACCbl P, NP U P-SPACE.
COOTHOLWUEHUSA MEXXAY 3TUMU KNTACCAMU

B xoHue 70-x rr. XX B. CIokuiach crenyiooniasi ceeiéHHas B Tabnm. 5.1
cyucreMa 0003HaYeHMit /11 HEKOTOPBIX KJIACCOB CJIOKHOCTU. [OBOPAT, 4TO
3a/iaya NpUHAIJIEXUT KIACCy CIOKHOCTU C, e CyleCTBYeT aJITOPUTM U3
Kinacca C, pelaouiuii 3Ty 3agavy.

Tabnuya 5.1

0603HaYeHUs JJI1 HEKOTOPBIX KJIACCOB CJIOJKHOCTHU

Knacc JeTepMuHMpOBaHHas BpemeHHdsn
byHrUMIT N 17817 PyHRUUS nim
CJI0XKHOCTH .
NpeguKaToB | HeJleTepMMHMPOBaHHas €MKOCTHast
F [D] LOG [TIME]
N LIN SPACE
QLIN
P(Poly)
EXP-LIN
EXP

Byksa F B Haua/e Ha3BaHMS KJIacca UCTIONb3YeTCst Aj1si 0603HaYeHUst
xiacca GyHkuuit. Eiv eé HeT, To 3TO K1acc peayKaToB, T.e. 3aauu, MMelo-
mye B otBeTe «IA» unu «HET».

Byksbl D uinm N 03Ha4aloT, YTO B ONpeAeeHUM Kiacca CIOXXHOCTU UC-
M0/Ib30BaHa JeTepMUHUPOBAHHAS WM COOTBETCTBEHHO HeAeTepMUHUPO-
BaHHast MauHa TeiopuHra. BykBy D 0ObIYHO He MTULIYT.
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MABA 5. KNACCbl C/TOXXHOCTU ANNTOPUTMOB

OYHKLMS CTOXHOCTY — 3TO PYHKLMS OT JJIMHBI 3aTIMCH UCXOAHbIX IaH-
HbIX, OrpaHMYMBAIOLIAST YMUC/IO LIArOB UM KOMMYECTBO siUeeK COOTBETCTBY-
1o1eit MamuHbI ThiopuHra. Tak, Hanpumep, LOG — norapudmuyeckast GyH-
Kkums, LIN — nuneitHas ¢yHkums, QLIN — kBaswmmHeitHas GyHKums (T.e.
¢dbyukums suaa (an + b) log n), P — NOIMHOM U T.I.

3aMeTuM, YT AJ151 TPUBEAEHHBIX 30eCh QYHKLIMIT BpeMeHHO CIOKHOC-
T HauMHas ¢ P Y HwKe He MUMeeT 3HaueHMs1, Ha KaKoii leTepMUHUPOBAHHOM
Mopeny MalmHbl ThlopyHra npou3BOAMIMCH OLIEHKY YMC/ia LIaroB, TaK Kak
BCE OHY MOAENMPYIOT APYT Apyra 3a MOIMHOM IIaroB OT AJIMHbI MCXOOHBIX
IOaHHbIX. OMHAKO /151 NePBbIX TPEX QYHKIMI IPU OLIeHKEe BpeMeHHO CJI0K-
HOCTY BaXXHO UCII0/Ib30BaHMe MMEHHO KJIacCUYeCcKoil MallMHbl ThIOpUHTa.

[IpuBeném TOUHbIE OIpeneseHNsi OCHOBHBIX (B paMKax Halllero Kypca)
KJIaCCOB CJIOXKHOCTHU: KyIacca P (monHoe 0603HaueHue B COOTBETCTBUU C ITPU-
BenEéHHbIMM 0603HaueHussMu D-P-TIME), xnacca NP (ronHoe o603HaueHue
B COOTBETCTBUM C NMpuBeREHHbIMYU 0603HaueHusimu N-P-TIME) u wiacca
P-SPACE (monHoe 0603HaueHue B COOTBETCTBUM C IPUBENEHHBIMY 0603Ha-
yeHussmu D-P-SPACE).

Onpepenenne. Kinacc P — 3T0 KjiacC IPeayKaTOB, /151 KOTOPbIX CYLIeC-
TBYET aJITOPUTM, KOTOPbIi 1 MOXET ObITh pealM30BaH Ha AeTepPMUHUPOBAH-
HOJt MamyHe ThIOpUHTa, YMC/I0 LIAaroB KOTOPOi1 He IIPpeBOCXOAUT ITOIMHOMA
OT JJIMHBI 3aMIMCU UCXOOHBIX JaHHbIX.

Onpenenenne. Kimacc NP — 3T0 Kj1acC NpeauKaToB, A1 KOTOPBIX Cy-
IIECTBYET aJIFOPUTM, KOTOPbIiI MOXET ObITh peaM30BaH Ha HeeTepMUHU-
pOBaHHOJ MalyHe ThIOpMHra, YMCIO IAaroB KOTOPO¥ He NPeBOCXOOMT I10-
JIMHOMa OT OJIMHbI 3aMMCU UCXOOHBIX JaHHbIX.

Onpepenenne. Kinacc P-SPACE — 3T0 KJ1acC NpeguKaTOB, AJ151 KOTOPBIX
CYILIECTBYET aJITOPUTM, KOTOPbIf MOXeT ObITh pea30BaH Ha JeTepMUHU-
pPOBaHHO MaluHe ThIOpUHTa, YMCIO UCTIONb30BAaHHBIX sTUeeK KOTOPOii He
MPEBOCXOOUT MOJIMHOMA OT JJIMHbI 3a[IMCU UCXOOHBIX JAHHBIX.

B HacTrosiiee BpeMst M3BeCTHbI CJIefyIolIye COOTHOIEeHUS MeXIy OC-
HOBHBIMM Kiaccamy cnoxkHoctu: P c NP c P-SPACE c EXP. Boripoc 0 TOM,
CTPOTMMM MJIM HECTPOTMMM SIBJISIIOTCS TIEPBbIEe Ba BKIIOUEHMS, 0ObSIBIEH
OOHMM U3 TPyLHEeNIIMX BONpocoB MaTeMaTuky Ha XXI B.

B xauecTBe cyiencTBUSI TeOPEMBI 3.4, IOKa3aHHOM B [71. 3, MOXXHO IIpU-
BECTU CJIEAYIOILLYIO TEOpEMY.

Teopema 4.1. Ecm npeaukar Buga 3Y P(X, Y) npuHamIexuT KiIaccy
NP, To CcyliecTByeT NpoBepsoL1asi ero OAHONIeHTOYHas MalimHa TelopyuHra,
YMCJIO IIAaroB KOTOPOI cocTaBisieT 2P™, rae p(n) — NOJIMHOM OT JJIVHbI 3aMu-
CU MCXOOHBIX JaHHbIX n = ||X].
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5.2. lTonnHoMmanbHaa cBOAUMOCTb U NONUHOMUANbHAA 3KBUBANEHTHOCTb

Kak reopema 3.4, Tak ¥ 3Ta TeopeMa JO0Ka3bIBAIOTCS C «OO/bIIMM 3ama-
COM», T.e. [IpeAIIoNaraeTcs, YTo «IpeTeHAEeHThbI» Ha pelleHue MOryT MMeTh
IJIVHY 3aluCy, PaBHYI0 YMCITY LIaroB HefeTepMUHUPOBAHHO! MallVHbI
ThiopuHra, a Takke MOTYT IPMHMMATh B KayeCcTBe 3HaueHus Joboe Cl10BO
3TOi1 IIMHBI B 3ajaHHOM aindaure. [TocrenHsisi Teopema 6bu1a ONyo6IMKO-
BaHa, HanpuMmep, B [2] euié B 1979 r., HO HUKaKOi1 6o/ee CUIIbHbIN pe3ynbTaT
[0 HacTosiiero BpemeHu He usBecrteH. Takum o6pa3om, ecivt 3afaya npu-
Hazexxut kiaccy NP, To B HacTosilee BpeMst MOXKHO FapaH TMPOBAaTh TONTbKO
3KCIIOHEHIMaIbHOE OT JJIMHBI 3aIIMCY apryMeHTa BpeMsl e€ pelleHus..

JanbHeitee u3i0xeHue B 3T 1aBe OyzeT MOCBSLIEHO B OCHOBHOM
usydyeHu1o kiacca NP.

u 5.2. NTOJIMHOMUAJIbHAA CBOAUMOCTD
U NONIMHOMUAIJIbHASA 3KBUBAJIEHTHOCTD

Onpenenenne. 3anava Z suna 3Y P (X, Y) npu X € D, nonMHoMuasb-
HO CBOOMTCS K 3ajiaue Z, Buia EIYPZ(X, YYmpuXeD,:

Z «<Z,

ecu cyuiecTByeT GyHKLu f, orobpaxatomas D, B D, 4 Takas, 4To:

- CylecTBYeT MamyHa ThlopMHTa, Beraucasiiomas GyHkumio f He 6onee
YyeM 3a MOMMHOMMAIBHOE OT JIJIMHBI 3alTMCHU UCXOMHBIX JAHHBIX YMUC/IO 1la-
roB (f € FP);

- 3a7aya Z, MMeeT pellleHye C UCXOMHBIMM JaHHbIMM X TOTJA U TONBKO
TOIZJa, KOIJa 3ajiaua Z, MMeeT pellieHue C UICXOAHbIMY NaHHbIMMU fX):

VX, GYP(X, V) > 3Y P,(fX), V).

Ianee, eyt 3T0 He OyAET BbI3bIBATh HEOMHO3HAYHOTO POYTEHMSI, TTOL,
3afaueii Z, Bcerna Gynem noHumars 3anaydy suna 3Y P(X, Y) npu X, € D..

Jlemma 4.1. OTHOLIEHMe NOTMHOMUANIBHOM CBOAMMOCTY pedieKCUB-
HO VZ (Z o< Z) M TpaH3UTUBHO VZ Z,Z(Z < Z, & Z,x Z; — Z < Zy).

JlokasaTenbCTBO HEMTOCPEACTBEHHO CJIeAyeT U3 TOr0, YTO TOXKIAECTBEH-
HOe 0To6pakeHue NpUHamIexuT kiaccy FP, a Taxoke CyMMa IOJIMHOMOB SIB-
JIs1eTCsl MOTMHOMOM.

Jlemma 4.2. EomZ «<Z, uZ,e P,T0Z € P.

Jloka3aTenbCTBO JIeMMBbI CJIeAyeT U3 TOrO, YTO B KaueCTBe ajIfOpUTMa
pelieHust 3aiauy Z, MOXXHO B3STh CIEAYIOLIMIA: K MUCXOAHBIM JaHHBIM X 3a-
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IMABA 5. KNACCbl CNOXXHOCTU AJTTOPUTMOB

nauu Z, npumMeHsieM QyHKLMIO f, OCYILECTBJISIONIYIO [OTMHOMUAJIBHYIO CBO-
numocts (p,(1X]]) waroB), a 3aTeM peltaem sajavy Z, ¢ iaHHbIMY f(X) (/iMHa
3anMcyu KOTopbix He npesocxoaut p,(|1X1)) 3a p,(p,(IIX1))) waros). Bcero mot-
pe6yetcs He 6onee p, (IIX1]) + p,(p,(IX]])) waros. 3aecs p, ¥ p, — NONUHOMBL

IIpuMep NOIMHOMMATILHO CBOAMMOCTM.

[TpuBeném npumep 3agay TFAMUJIBTOHOB LHUKJI (') ¥ KOMKMBO-
SDKEP, onHa 13 KOTOPbIX OIMHOMMUAIBHO CBOAUTCS K APYTOi'o,

YcnoBust 3TMX 3a1a4 IpUBEIEHbI B Ta61. 5.2.

Tabnuya 5.2
Verosus 3agay I'll 1 KOMUBOSDKEP
I'L, KOMMUBOSDKEP
Iaxo: rpad G = (V, E). Hano: C={c,,..., C,} — MHOXeCTBO
IVIl=n) FOpO/IOB,
d; € Z, — pacCTOSIHUSI MEXXAY C; U C,
BeZ,.
Bomnpoc: cymectsyer i1 B G | Borpoc: cyirecTByeT v MapHIpyT,
raMMJIbTOHOB LIMK/? IIPOXOASAIINIT Yepe3 Bce ropoaa,

J/IMHA KOTOporo He 6o/bie B?

3V e VAV 0 v =V E 3(Cipenr €G- €, } = C&
v.,v.}eE&,...,. & m-1

{ i’ ‘2} ’ ZF' dil‘m + dim"l <B

Vo v} € B)

MokaxeMm, uto I'll « KOMUBOSDKEP. /it 3TOr0 NpembsBuM MOIUHO-
MMaJIbHBIN 110 BpEMEHU aJITOPUTM, KOTOPbI 1o rpady G = (V, E) cTpouT uc-
XOnHble naHHbIe C, d,.l. u B ¢ TpebyeMbIMY CBOMCTBAMMU:

C=YV, B=n,

_ ] Leom{v,v} ek
i 2,ecmm{v, v}eE

B rpade ects [aMMIBTOHOB LIMKJI TOIAA U TONBKO TOrAA, KOraa Mapui-
PYT NPOXOAUT TONBLKO MEXAY TeMU FOPOAAMU, paCCTOSIHUSI MEKAY KOTOPbI-
MM paBHO 1.

10 3mech 1 ganee nocpencTsoM Z, 6yneM o603HayaTh MHOXKECTBO Lie/IbIX 110-
JIOXXUTENbHBIX uycel.
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5.3. NP-nonHble 3agaymn

Omnpenenenue. 3afaya Z, NOTMHOMMAIbHO 3KBUBAJIEHTHA 3ajiaue Z,:
Z1 ~ Z,

eomZ <« Z,nZ, <2,

Teopema 4.2. OTHOLIEHME TOIMHOMUATIbHO SKBUBaJIEeHTHOCTU SIBJISI-
€TCSI OTHOLIIEHMEM 3KBUBAJIEHTHOCTH, T.€. OHO:

- pednexkcuBHO VZ(Z ~, L)

- cumMMeTpuyHo VZ Z,(Z, ~y Ly Z,~,Z)n

- TpaH3UTUBHO VZ Z.Z (Z, ~ 2 &Z,~,2,» 27 ~,2).

Jloxa3aTenbCTBO OYEBUIHO.

OTHoO1IEeHMe ~ pa3bupaeT ki1acc NP Ha KJ1acChl SKBUBaJIEHTHOCTH. OoyH
U3 HUX — Kiacc P — caMble «6bICTPO pelilaeMble» 3aauy U3 kiacca NP.

u 5.3. NP-NMOJIHDbIE 3AQAHYU

Onpenenenue. 3anava Z HasbpiBaeTcsi NP-IOJIHOM, eC/i OHa NpUHaA-
Iexut kiaccy NP y mobas 3agava M3 kiacca NP MoIMHOMMaIbHO CBOAUT-
Cs1 K Heil.

W3 sTOro onpeneneHust HENMOCpeLCTBEHHO C/leqyeT TeopeMa.

Teopema 4.3. Kinacc NP-nonHbIX 3aa4y 06pasyeT KiaacC 3KBUBAJIEHT-
HOCTM 110 OTHOILEHMIO K NOJIMHOMMAIbHOM SKBUBAJIEHTHOCTU B Ki1acce NP.

KpoMe Toro, knacc NP-TIOMHBIX 33524 — 3TO KJIACC CAMbIX «[0Jr0 pelia-
eMbIX» 3aay U3 kiacca NP.

3ameuanne. Ecmm B onpenenenun NP-1onHOM 3amaum yopaTh Tpebo-
BaHMe e€ NpUHaIJIeXXHOCTU Ki1accy NP, To nomyuum onpenenenue NP-Tpya-
HO¥ 3amaun. B yactHOCTH, ecu 3aaya pacnosHaBaHus 3Y P(X, Y) «cyuiect-
ByeTJM Y (3aBucsiuii ot X), yoosiaetrBopsirolmit yoiosuio P(X, Y)» siBsiercs
NP-110/1H0i1, TO COOTBETCTBYIOLIAA et 3anayva noucka (?Y) P(X, Y) «npu Ka-
Kux Y (3aBucsiiyx ot X), BoInonHsieTcs yoiosue P(X, Y)» asasietcst NP-TpyQ-
Ho¥t. OyeBUAHO, UTO 3a/1aua IIOMCKA MOXXET OKa3aThCsl HAMHOI'O CJIOXKHEe 3a-
Jauu pacrniosHaBaHus. Hanpumep, OTBeT Ha BOIIPOC, MMEET I MHOTOYJIeH
15-i1 cTerneHu KOpeHb, OYEBUAEH, U TAKUM OTBETOM siBJsieTcs «[JA». 3agaua
«HAMTY KOpEeHb MHOTOWIEHA 15-11 cTeneHu» ropaszo CI0XKHee.

Ha puc. 5.1 npencraBieHo B3aMMHOe pacrionoxkeHue kiaccos P u NP
B IpeanonoxeHuy, yto P # NP (BepxHsis OLieHKa BpeMeHHO! CJIOKHOCTU
BO3DacCTaeT Ipy IIPOCMOTPe AuarpamMMmbl CHU3Y BBepx). Byksamu NPc u NPh
o603HaueHbl NP-nioniHbie ¥ NP-TpyaHbIe 3aauu.
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MABA 5. KNACCbl CNOXXHOCTU ANTTOPUTMOB

Eciu P # NP

NPh

NPc

NP

p

Puc. 5.1. B3aumHoe pacnososxeHue knaccoB P, NP,
NP-nionHbIX M NP-TpygHBIX 33534

3ameTuM, uto eciu P # NP, To MeXIY KlIacCOM 3KBUBaJIeHTHOCTU P
U KiaccoM NP-TIONHBIX 3a5a4 eCTb ellé KJacchl. B HacTosee BpeMsi K UMcTy
TaK Ha3bIBaeMbIX «OTKPBITHIX», UJIM «BUCSUMX», 3aiay, A/ KOTOPBIX He U3-
BECTEH MOJIMHOMMUAIbHBIN 110 BpeMeHM pelllalouyii aiITOpUTM U He IoKa3a-
Ha vix NP-11o/1IHOTa, OTHOCUTCS, Harpumep, 3agadya UI3OMOPOM3M I'PA®OB
(UIT) unu B anmuitckom Hanmcanuu GRAPH ISOMORPHISM (GI).

HN30MOP®HU3M I'PAPOB (I1I)
Nano: rpadwi G, = (V,,E) u G, = (V,, E,).
Bonpoc: nsomopdusi i G, = (V, E)) u G,= (V,, E,)?

3f(f:V, > V, & f— buexkuus &
&Vuvu e V,&veV,—{uv}eE & ({flu), (v} € E)))
MHorue KoM6MHAaTOPHbIE 3aauM NOJIMHOMMAIBHO 3KBUBAJIEHTHbI 3a-
naue UT. Umeetcsa naxke TepMuH «GI-nonHbie 3amaum». B 2017 r. Jlacno Ba-
6ai1 [13] npemyIOKuJI KBasUIIOIMHOMMAIbHBIN anroputm eé pemenus. [lo-

JIyyeHHasi UM OLIeHKa BpeMeHHO CIoXHOCTH 20008 = O(n'*8™) no cux mop
(2023 r.) npoBepsieTcsl.

u 5.4. 3AQAYA BbINOJIHUMOCTD (BbIn).
TEOPEMA KYKA

ITocne Toro Kak JaHo ornpeneneHue KaKoro-m6o o6beKTa Wi TOHS-
TUSL, BCTAET BOIIpOC O TOM, a CyLIECTBYIOT JI TaK1e 06BEKTBL. Benb ecnu ta-
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5.4. 3apaya BbINOTHUMOCTb (BblIM). Teopema Kyka

KUX 06BEKTOB He CYLIeCTBYET, TO BCE, YTO Mbl TOBOPUM O HMUX, SIBJISIETCS UC-
TUHHBIM.
[TepBbiM nnpuMepom NP-NIONHOM 331auM SIBJSIETCS CJIemyouas 3aayva.

BbIIIOJIHUMOCTD (BBIIT)"!

Hauno: U={u,,...,u } — MHOXXeCTBO IIPONO3ULIMOHAIbHBIX IEDEMEHHBIX;

C={c,..., ¢,} — MHOXecTBO npeyIoxeHnit Hax, U.

Bonpoc: BIMOIHMMO J1 MHOXeCTBO C, T.€. CyLIecTBYeT i1 Habop 3Haye-
HUI 115 nepeMeHHbIX U3 U, 1J1s1 KOTOPOro MCTMHHbI BCe npeaioxkeHust u3 C?

Ju,,...,u, (c, &... &c,).

Teopema Kyxka. 3apaua BbIII NP-nonHa.

Jloka3aTenbCTBO 3TOM TeopeMbl uMeeTcs B [2]. 3mech 6yneT npuBeneHa
TOJIbKO CXeMa e€ [I0Ka3aTe/lbCTBa.

Bo-nepBbIX, HEO6XOOMMO [OKa3aTh, YTO 3Ta 3ajaya IPUHAILJIEXUT

kiaccy NP.
JeCTBUTENIBHO, NTOPOXXKAEHME BCEX BO3MOXXHBIX HabOpOB 3HaueHMIA
nepeMeHHbIX U,, ..., U, MOXET ObITh OCYLIIECTB/IEHO Ha HEleTEPMUHUPOBaH-

HO# MalyHe ThiOpyHra 3a n maroB (Takas HeleTepMUHMPOBAHHAs Mallly-

Ha Tb]OpMHI‘a, KOTOpasi B Ka4e€CTBE€ UCXOOHBIX OadHHBIX UMEET CTPOKY Lr—lf
n

Obl1a MpMBEAEHA B KaUeCTBe NpMMepa B I1. 3).

Ha kakzoit 13 nomyyeHHbIX B HeleTepMMHUPOBAaHHOM pexkuMme 2" JIEHT
BBIUMCISETCS C, & ... & ¢, nns HalmeHHbIX 3HauUeHMi rnepemMeHHbIX. Ha
IBYXJIEHTOYHOI MalyHe TbIOpUHra 3TO MOXHO chenath 3a O(n||C||) waros.
CnenoBaTebHO, Ha OgHONEHTOYHOI — 3a O(n?||Cl|?), T.e. 3a monuuHoM oT ||U]|
u||Cll.

Jlna noxasaTenbCTBa TOrO, YTO BCsIKas 3amava U3 kiacca NP noaMHO-
MMaJIbHO cBOOMTCS K 3apaye BbIII, Bocronb3yemcs TeM, UTO KaKpas Takast
3azaya MOXXeT ObITh 3aZlaHa IporpamMmMoit M njisi HeleTepMMHUPOBaHHOM!
MamyHbl ThlOpUHTa, 3aKaHUMBaKLIEi paboTy He 6ojlee yeM 3a MOMMHOM
11aroB OT JJIMHbI 3aIIMCU UCXOOHBIX JaHHbBIX.

3aTeM 1O KaXI0i MHAMBUAYaAIbHOI 3amauye u3 kiacca NP (T.e. Ipo-
rpammve M Hap andaBuTom S = {s, ..., S,} C COCTOSHUAMM {q,, ..., G, _,, Gy» Gy}
M UCXOOHBIM JaHHBIM X IJIMHBI n), TpOBepsieMoit He 6osiee ueM 3a p(n) 1wa-
roB, IOCTPOMM MHAMBUAYaAIbHYIO 3aaauy u3 BbIII Takum o6pa3oM, 4TO OHU
MUMEIOT pellieHye ONHOBPEMEHHO.

1 3Ty 3amauy TakKe Ha3biBaloT 3agaueit o KH® unu 3apaveit SAT oT cioBa
SATISFIABILITY.
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MABA 5. KITACCbl CNOXXHOCTU ANTTOPUTMOB

Jlnst aTOr0 BBEAEM NPONO3ULMOHAIbHBIE [TIepEMEHHBIE:

Q,— «Ha i-m 1mare nmporpamma M Haxoputcsi B coctosimm g,» (0 < i< p(n),

<k<h);

H,; — «Ha i-M 1mare YMTalollasy/MUIIYIIas TO/IOBKA obo3peBaer j-10
stueiiky» (0 < i < P("), -p(n) £j € p(n));

S, . i — «Ha i-M mare B j-i syeiike 3amucad cumBon s,» (0 < i < p(n),
~p(n) << p(n), 0 < k< ).

OueBMOHO, YTO KOMMYECTBO 3TUX NEpEeMEHHBbIX NOIMHOMMAIBHO OT
IUTVHBI 3aNIMCY MHAMBUAYaIbHOI 3afauu. CiieoBaTe/lbHO, IJIMHA UX 3aMu-
CM He MPEBOCXOOUT 3HaUeHUsI 3TOr0 IOIMHOMA, YMHOXXEHHOTO Ha ero Jiora-
pudM, ¥ TOXXe NOTMHOMUAIbHA.

ITocne 3toro 3anmceiBaetcst 6p(n)(p(n) + 1)(r + 1)(v + 1) npenjioxeHui
(T.e. 3leMeHTapHbIX AU3bIOHKLMIA, BUA, KOTOPBIX CM. B [2]), UCTUHHBIX B TOM
M TOJILKO TOM CJTy4yae, KOraa HeleTepMMHMpPOBaHHasi MaliyiHa ThropyHra pa-
60TaeT B COOTBETCTBUM C 3aAaHHOI NPOrpaMMoOi1 HaJi JaHHbIMM X U 3aKaH-
yyBaeT paboTy B COCTOSIHMM q, He 60/ee yeM 3a p(n) Iaros.

- B kaxxnpiit MomeHT BpemeHH i (0 € i € p(n)) MalmHa ¢ mporpammoit M
HaXOAMTCSI POBHO B OHOM COCTOSIHUU.

- B kaxapiit MoMeHT BpemenH i (0 € i € p(n)) uMTarowwasy/muurymas ro-
JIOBKa 0603peBaeT POBHO OJHY STYENKY.

- B xaxxabiit MomeHT Bpemenu i (0 € i € p(n)) KaKnas siueifka COnepPsKUT
POBHO OAMH CMMBOJ U3 S.

- B MomeHT BpemeHy 0 BbIUMCIEHME HAXOAMUTCS B UCXOLHO KOHGUTY-
paLuy CTafuy MPOBEpPKU Npu Bxozne X.

- He nosnxee, uem uepes p(n) maros, M nepexoguT B COCTOSIHUE q,,
U, CJIeoBaTe/bHO, IPpUHUMAET X.

- B kaxxgpiit MomeHT BpemeHu i (0 € i € p(n)) koHduUrypauysi nporpam-
Mbl M B MOMEHT BpeMeHM i + 1 nonyqae'rcsx U3 KOH(uUrypauuy B MOMEHT
BpeMeHM i OHOPa30BbIM [TPYMMEHeHMeM KOMaHA bl TporpaMMbl M.

JU1MHa KaXXAoro rpeaioxkeHus He pesocxomut 2p(n). Takum ob6pasom,
Ha BBIMUCBIBaHME 3TUX NpemioxxeHuit Tpebyercs O(p(n)’rv) 1waros, T.e. CBO-
AMMOCTb ITOIMHOMMaJIbHa.

a 5.5. OCHOBHDIE NP-MOJIHbIE 3AAA\U

Opyruvu npumepamyu NP-TIONHBIX 3324 SIBJISIIOTCS CIeqyIoLue.

3-BbIIIOJIHMMOCTD (3-BbIII)
Hauno: U={u,,...,u,} — MHOXeCTBO ITPONIO3MLIMOHAIbHBIX I€PEMEHHBIX;
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5.5. OcHoBHble NP-nonHble 3anayn

C={c,...,c,} — MHOXeCTBO npefioxkeHuit Hax U C Tpemsi IepeMeHHbI-
MM KaXXzoe.

Borpoc: BbINOMHMMO /1 MHOXECTBO C, T.e. CylecTByeT i1 Habop 3Ha-
YeHuit JJIs nepeMeHHbIX U3 U, ISt KOTOPOro UCTUHHBI BCE MPEeIJIOKEeHUs
u3 C?

Ju,, ..., u(c, &...&c).

TPEXMEPHOE COYETAHUE"

HaHo: MHOXXecTBOM c X x Y x Z,

roe | X1=1Y1=1Z1=q,XNnY=YNnZ=Z2NnX=Q.

Bompoc: cymiecrByeT i M’ M MOLIHOCTH q Ie HUKaKue ABa pa3HbIX
37ieMeHTa U3 M' He UMeIOT HY OBHOM paBHOM KOOpAMHATBI?

IM'M'cM & IM'| = q & Vxyzuvw({x,y,z} e M' & {u,v,w} €
e M &{x,y,z}#{u,v,w} > x#u &y#v&z#w)).

HE3ABHCHUMOE MHOJXECTBO (HM)

Hauo: rpad G = (V, E);

JeZ,J<|Vl

Bonpoc: umeetcst 11 B G He3aBUCUMOE MHOKECTBO He MeHee YyeM U3 |
3JIeMEHTOB?

VWV V&IV 2] & Vuv((ue V' &ve V) {u,v} ¢ E)).

BEPIIMHHOE ITOKPBITHE (BIT)

HaHo: rpad G = (V, E);

KeZ,K<|V.

Borpoc: umeeTcsi v B G BepUIMHHOE ITOKpbITHE He 6otee ueM u3 K ane-
MEHTOB?

IVV'cV&|IVIsK&Vuv({u,v}e E>(ue V'vve V).

KIIMKA
Hano: rpad G = (V, E);
JeZ,]< |Vl

Bonpoc: cogepsxut in G KIMKY He MeHee yeM U3 / BepLInH?
VIV V&IV 2] & VYuv((ue V' &v e V) {u,v} € E)).

12 3nech ¥ HUKe 0603HaUEHMe |A| MCIIOb30BAHO [JIs1 MOIIIHOCTY MHOYKECTBA A.
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MMABA 5. KINTACCbl CINOXXHOCTU AJTTOPUTMOB

TAMWJIBTOHOB IIUKJI
Iano: rpad G = (V, E).
Bonpoc: conepxut 1 G FTaMuiIbTOHOB IMKII?

A, ...,v,.n)({v,.l, ey v,."} =V& {v‘.l, V:z} eE&,..., & {v,.", v.} e E).

PA3BUEHUE

JlaHO: KOHEYHOE MHOKECTBO A,

IUISL KQKIOro a € A ero «ec» s(a) € Z..

Bompoc: cyuiecTByeT 1y pa3byieHre MHOXeCTBa A Ha iBa MOIMHOXeC-
TBa OAMHAKOBOro Beca?

3A’[A’g A& s(a)= Zs(a)}

acA’ ae(A\A")
V nocnenHeit 3agayy MOXeT ObITh M Apyrast OpMyIMpPOBKa.

PEILIEHME JIMHEAHOTO OJTHOPOJHOI'O YPABHEHMSA B YMC-
JAX 13 {-1, 1}

NaHo: {s,,...,s, }npus, e Z (i=1,...,n).

Bomnpoc: CyLiecTBYeT M pelieHMe JIMHEHOro OOHOPOAHOrO ypaBHe-
Hus ¢ Koabduumentamu {s , ..., s,} B uncnax us {~1, 1}?

3x, X (& e {-1,1)) &Slxl t...tsx =0).

u 5.6. METObl AOKA3ATEJ/IbCTBA
NP-NMOJTHOTDbI

Kak Mb1 Bupenu B cxeme mokasaTtenbcTBa NP-TOMHOTHI 3amauy BBIII,
BO3MOXXHO J0Ka3aTeabCTBO NP-TOMHOTHI J1I060¥ 3amauyt HernocpencTBeH-
HO C MOMOIIbIO IOIMHOMMUAIILHOTO CBeleHus 060/ 3agauy u3 kiacca NP
K uccinemyeMoit. Takue noKka3aTeNlbCTBA JOCTATOYHO PeKU.

HoxkasarenbCcTBO NP-IIOJTHOTHI MHOTMX 3a71a4y OCHOBAHO Ha MOJIMHOMMU-
JIbHOM CBOOMMOCTYM 3aJauM, AJi1 KOTOPOi y)ke u3BecTHa e€ NP-TOJIHOTa,
K UCCIeyeMoiA.

Teopema 4.4. Ecm a1s1 3anaun Z 1 NP-TIONHOM 3aauy Z, BbITIONHE-
HbI YCJIOBUS:

ZeNP, Z «Z,
TO Z NP-TONHa.
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5.6. MeToabl nokasatenbcTea NP-nonHoTbI

Jloka3aTenbCTBO OCHOBAaHO HA TPAaH3UTUBHOCTY OTHOLIEHMS MOJIMHO-
MMaJIbHO CBOAVMMOCTH.

3ameuanwue. JI19 mokasaTelbcTBa NP-IIOJTHOTHI 3aa4y Z Hel0CTaTou-
HO J10Ka3aThb TOMBbKO, UTO Z, oc Z. Ha puc. 5.2 nokasaH cryyait, koraa Z, « Z,
HO Z He NP-monHa (oHa NP-TpyaHa). Ha stom pucynke obnactu D, D,
¥ f(D,) COOTBETCTBYIOT MHOXECTBAM MCXOIHBIX AAHHBIX ISl 33134 Z U Z,
1 06pa3 MHOXeCTBa AaHHbIX [/Is1 3afiauM Z, pu oTo6pakenun f, obecrieun-
BaloILEM IIOIMHOMMAbHYIO CBOAMMOCTh. BykBamu NPc 1 NPh 0603HaueHbl
NP-nonxbie M NP-TpygHbIe 3a0a4i.

NPc

IV

Puc. 5.2. UnmocTpalius TOro, 4To 171 AoKa3aTeabcTBa NP-TIONHOTHI 3afauu Z
TpebyeTcs OKa3aTelbCTBO TOro, YTo Z € NP

C nmomouiblo 310 Teopembl JokaxkeM NP-nonHoTy 3agay 3-BbIIT u BII.

Teopema 4.5. 3agaua 3-BbIIT NP-nonHa.

Joxa3saTenbcTBO. TO, UTO 3Ta 33a4ya NpUHAAIEXHUT Kiaccy NP, noka-
3bIBaeTCs aHAJIOTMYHO NpUHAIIeXXHOCTH Kiaccy NP 3amauu BbIIT.

IToxaxkem, uto 3apmauya BbBIII monMHOMMaJbHO CBOOMUTCSI K 3amade
3-BBHIII. 1151 sTOr0 110 McXoaHbIM maHHbIM Uy C gns 3agauu BbIII mocTpoum
TaKue ucxopHsele faHHble U'u C’, 4TO paccMaTpyBaeMble 3aauy Ha 3TUX UC-
XOOHBIX JaHHBIX MMEIOT pellieHe OOHOBPEMEHHO.

MHoKecTBO ITepeMeHHbIX U BKJIIOUMM B MHOXeCTBO U'.

Iycts ¢, = 2! v z? v ... v z} € C. 3pecnb 2}, 2%, ..., 2* — nuTepansl (re-
peMeHHble U3 U uin ux oTpuijaims). PaccMOTpyUM IO OTAENbHOCTU CTyyau
k=1,k=2,k=3uk>4.

Ipu k = 3 npepioskenue ¢; 3aHocum B C'.

Ipuk=2

=l 2 1 2 1 2y, ay) =1 2
G=z'vzie (@@ vgivy) &zl vziv-y) =g &l
IlepeMeHHY10 y, 3aHOCUM B U', IPeIJIOXKEHMS cl.‘, C12 3aHOCUM B C'.
-9%-



MABA 5. KITACCbl C/TOXXHOCTU ANNTOPUTMOB

Mpuk=1

¢=z' =@ vy'vy) &z v-yivy) &zt vy voyh &
&@'v-y'vy)=¢ &gt & &t

ITlepemeHHbIE y’.1 u yl.2 3aHocuM B U', penioxkeHust cl.l, c,?, c,.3, c’.“ 3aHo-
cumB C'.

ITocTpouM npeaJiokeHMs], BBINTOIHUMOCTb KOHBIOHKIIMM KOTOPBIX pa-
BHOCM/IbHA BBIMOTHMMOCTY MCXOLHOTO MPENNOXKEHUS ¢; = Z' v Z2 v ...
wvzilvzinpuk> 4.

1=+~1 2 1
¢'=z'vzlvyl,

1=yl 3 2
t=-ylvzivy.
CI _V, z/ yl’
1-1 = yl-2 ! 1-1
G Vi VG VY

ck-3= ayk-4y zk-2 yk-3,

j j j j
k-2 = qyk-3 k-1 k

¢ yi3vzhotvzh

JleiACTBUTEIBHO, €C/IM UCXOLHOE IpeA/IOKeHMEe BBIITOHMMO, Halpu-
mep, Tipy z/ = true, To y!, y%, ..., y/~? npucBouM 3HaueHud true, a y/~ !, ...,
y,."‘ 3 — 3HaueHus false. 5TV 3HaueHMs 0GeCTIeYMBAIOT UCTUHHOCTD MOCTpO-
€HHBIX NPeJIOKEeHUIA.

Ecny BhbIno/NIHEHa KOHBIOHKUMS NTOCTPOEHHBIX IIpeJIOKEHUI, TO XOThb
npu oAHOM | 3HaueHMe z/ PaBHO true. B 1pOTMBHOM CITyyae, IpoCMaTpuBast
MpeaJIoKeHUsI CBepXy BHU3 10 IIPEeAIIOC/IeqHEero BKIIOYUTENbHO, I0OTyYaeMm,
YTO 3HAYEHUS _y,.‘, y,?, ey yl." -3 paBHHI true. [Ipy 3TOM B IOC/IeIHEM ITpeJIOsKe-
HUM CTOUT OU3BIOHKIMS JIOKHBIX JIMTEPAJIOB.

Tlepemennbie y/, y?, ..., y/-* nobasisiem B U'. IIpemioskenusi ¢!, ¢, ..., ¢
nobasnsem B C'

IMokaxkeMm, uto nocrpoenue U'u C' no 3agaHHbIM U u C nOMMHOMMAIb-
Ho ot ||Ul| 1 ||C]|. OuieHKy uucia maros 6yneM Npou3BOOUTb OUEHb Ipy6o, TaK
KaK HaM Ba)KHa TOJIbKO NOJIMHOMMUAIbHOCTD IOITy4YeHHOI oLeHKu. ITyctb K —
MaKCUMMaJIbHOE YMC/IO IUTEPAJIOB B IpeaoxkeHusx, K < ||Cl|.

KonnuecTBo HOBBIX NepeMeHHbIX B U' He mpeBocxoauT max{2, K - 3} =
= O(K), obuiee konuuyecTBo nepemeHHbIx B U’ coctraBasiet O(||UJ| + [|CJ|). ITe-
peMeHHbIe MOXXHO 3aIMCcaTh TaK, YTO JJIMHA 3aIIMCY MMEeHM IlepeMeHHO# He
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5.6. MeToab! fokasatenscrtea NP-NoONHOTLI

npesocxomuT log(llU'l) = OClog(lIUI| + |ICII)) = O(lIUN| + ||CI)). Takum o6pasom,
3anuch MHOXXecTBa U’ MoxkeT ObITh peannsoBana 3a O((||Ul| + ||Cl|)?) maroB
MauuHbl ThlOpUHra.

KomuectBo npeasioxxennii B C' He npeBocxoaut ||Cl| * max{4, K - 2} =
= 0(|ICI1*»). Kaxxgoe npensnoxenue B C' COOepPXXUT 3 TuTepasa, I03TOMY JIMHA
ero 3amucyu coctasasiet O(3(||UJ| + ||Cll)). Takum o6pa3om, 3amch MHOXKECT-
Ba C' moxeT 6bITb peanu3soaHa 3a O(||CII*(||U1| + ||Cl|)) waroB mamyHbl Thio-
PpMHTAa.

ClOXMB IOMyYEHHbIE OLIEHKM U yuuTbiBas, uTo ||U]| € ||Cll, noryyaem
nomHoMuanbHOCTb oT ||Ull 1 ||C|| noctpoenust U'u C' o 3agaHHbIM U C:

o + 1 + araiui + cn = odice).

Teopema 4.6. 3amaua BII NP-nonHa.

JokasaTenbcTBO. To, UTO 3Ta 3afaya NpuHagiexxut kiaccy NP, cieny-
eT U3 TOro, YTo:

- BO-TIEPBbIX, B HEAETEPMUHUPOBAHHOM pEeXMMe MOPOAUTh BCe IOJ-
MHOXXeCTBa MHOXXecTBa V MolHocTH He 6oee yeM K moxkHo 3a K logK wa-
roB Ha 2X nenTax (K< ||VI]);

- BO-BTOPBIX, B IETEPMUHMPOBAHHOM peXXyMe AJI1s1 KOHKPETHOrO I0JI-
MHOXecTBa V' npoBepka Yuv({u,v} € E— (u € V'vv € V') Ha MalunHe ¢ nps-
MbIM A0CTyrIoM Bo3moxkHa 3a O(|E|| - [IV'l]) = O(IE]]) - IVI]).

VuuThIBas TO, UTO AETEPMMHMUPOBAHHAsA MauyHa ThlopMHra Momenu-
pyeT paboty PAM 3a uuc/I0 €€ 1aroB B Ky6e, moryyaem NoJIMHOMUAIBHOE OT
JJIMHBI 3anMcy rpada YMCIo HIaroB HeleTe pMUHUPOBAHHOM MalMHbI Thio-
pUHra, peuawieit sanavy BIL.

Jlnst Toro 4TO6HI JOKa3aTh, UTO 3-BhII nonmHoMuanbHo cBogutcs K BI,
MOKa)KeM, UTO IO MCXOOHBIM JaHHbIM J1I000J MHOVMBUAYIbHOM 3amauy U3
3-BbIII 3a MoaMHOM 1IaroB MOKHO ITOCTPOUTD MCXOAHbBIE JaHHbIE 1151 3a8a-
yy BII Tak, 4TOOBI 3T MHAMBUAYAJIbHBIE 3a1aUy UMenu (MM He MMeNn) pe-
HIeHXe ONHOBPEMEHHO.

Ityets U = {u,, ..., u } u C={c, ..., ¢} — ucxonHsie naxHubie gy 3-BbIII.
Kaxmoit nepemeHHoii u, (i = 1,..., ) IOCTaBMM C COOTBETCTBME IBE BEPIUMHBI
rpada u, u i; (2||U]| waros) u pe6po {u,, u;} (2I|Ul| waros).

Kaxomy npensioxeHuIo ¢; OCTaBMM B COOTBETCTBME TPM BepUIN-
HbI rpada a,.‘, a,?, al.3 (31|Cl| maroB) u Tpu pebpa {al.‘, a,?}, {a,?, a,.3}, {a,?, a,.‘}
(61|Cl| wraros).
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MMABA 5. KITACCbl CNOXXHOCTU AJTTOPUTMOB

Ecm k-m (k = 1, 2, 3) 4IeHOM NpeIOKeHUs] C; SIBISETCS U, TO nobaBum
pe6po {u, al."}, ecmm xe k-m (k= 1, 2, 3) wieHOM NpeIoKeHUS ¢; SIBISIETCS ~U,,
T0 K06aBuM pebpo {u;, a/} (61ICl| waros).

Tak KaK IOKpbITHE K&KI0ro 13 pédep Buaa {u, U;} He MOXeT cofiepkaThb
MeHee n BepuIMH, a TOKpbITHE Kakoro us pébep TpeyronsHuka {a/, a’},
{a}, a’}, {a}, a;} He mMOXeT coepkaTh MeHee 2m BepUIMH, TO MONOXUM
K=n+2m (max{||nll, |I2m||}, yTo He npeBbimiaeT max{||Ull, ||Cl|} waros).

Ha nocrpoeHme 3TvX MCXOOHBIX AaHHBbIX Tpebyercs 4||Ul| + 12||C|| +
+ max{||Ull, |ICl|} Ha MamuHe ¢ NpsiMbIM JocTynioM. CiefoBaTeNnbHO, UCXOA-
Hble faHHble 115 BII cTpOSTCS 3a NOMMHOM LIAroB OT IJIMHBI 3aIIMCU UCXOZ-
HbIX JaHHbIX 3agauy 3-BbIIl.

IpounmocTtpupyem 3To cBenéHue Ha npumepe. Itycts U= {u,, u,, u,, u,},
C={u,v-u,v uy,-u, vu,v-u,u,v-uvul

B srom npumepe K = 10.

CoorseTcTByIOLMIt rpad n306paskEéH Ha puc. 5.3.

1 U U, u, Uy us U, u,

2 2
a a

1 3
al al 2 2 3

Puc. 5.3. I'pac, cOOTBETCTBYIOIMIT MCXOAHBIM TaHHBIM B IpUMepe

YTo6BI HE 3arPOMOXKIATh PACCY)KAEHME MHAEKCaMM, TIOKaKEM Ha 3TOM
MpyMepe, 4TO 10 HabOpy KOHCTAHT, BHIMOMHSIOUIMX MHOXeCTBO C, MOXHO
MTOCTPOUTH BEPLUIMHHOE IOKPBITHE A5 rpada, U Hao60POT.

B 3TOM IpyMepe OUeBUIHO, YTO HAOOP KOHCTAHT (t t f f) BbinonHseT C.
BIi0uuM B BepUIMHHOE MIOKPbITHeE rpada BePLINHBI U,, U,, Us, U,. TIpy 3TOM
HaKJIOHHbIe PE6pa, Bellylye OT HUX K a), aj, a3, a; 6ymyT nokpaiThl. Mickiio-
YJM U3 Be PLIMHHOTO IMOKPbITUS JI06bIe 3 U3 HUX, BXOASIIME B pa3HbIe «Tpe-
YTONIbHUKM», HANIPUMED d;, a;, a;. OCTalbHbIE BEPLIMHbI «TPEYTONTbHUKOB»
BKJIIOYMM B TOKpbITHeE. [lomyunnn mHoxectBo V' = {u,, u,, U, U, a}, a2, a,,
a, a, a}.

B 3TOM npuMepe MOXHO 1oAo6paTh ApPYroe BepHIMHHOE MOKpBITHE,
Hanpumep V' = {u,, u,, u,, u, al,a;, a;, a, a;, a?}. B kauecrBe Habopa KOHC-
TaHT, BBIMOIHSIOIMX MHOXeCTBO C, cemyet 6paTh (ff t t).
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5.7. MeTtopn cy)keHnsa nokasatenbcrsa NP-nonHoTbl

& 5.7. MeTon cyxEHMS
AOKA3ATE/IbCTBA NP-MOJTHOTbI

Onpepnenenne. 3anaya Z, SB/S€TCs Cy>keHUEM Ha MHOXKeCTBO D, 3aja-
Y1 Z, C UCXOLHBIMYU AAHHBIMM U3 MHOKECTBA Dz, eum Dl cD,uvX(XeD, —
(Z,o1Z)).

Ecnn 3apava npuHamiiexxut kiaccy NP, a eé nogsagaya NP-T0/Ha, TO
U UCcXonHas 3agaya NP-T10/1Ha, TaK KaK 1of,3afavya IMoJIMHOMUAIBHO CBOAUT-
s K MICXOHO 3a7jaye C MOMOIIIBIO TOXXIECTBEHHOr0 0TO6paskeHMsl.

Ha 3TOoM OCHOBaH MeTof, CY)XeHus JoKasaTelbCcTBa INP-IOMHOTHL. To
€eCTb 1151 foKa3aTenbcTBa NP-TIOJIHOTHI 3324y Z fOCTaTOYHO:

- DOKa3aTh, uToO Z € NP,

- cpeny U3BECTHBIX NP-TIOJIHBIX 3a/lau HaiTy TaKylo 3aauy Z,, KOTo-
past SIBJISIETCS Cy>KeHMeM 3aaum Z.

ITpumep. [lokasaTb NP-TIONTHOTY C1eaylollei 3agaun.

MHOKECTBO ITPEJCTABUTEJIEM

JlaHo: MHOXXecTBO S, cemeitcTBO C MOAMHOKECTB MHOXecTBa S, K € Z*.

Bompoc: comepXuT M S MHOXeCTBO IpencraButenei gisi C Moll-
HOCTH, He TnIpeBocxoasieit K, T.e. cymectByeT iu S’ < S Takoe, uto ||S] € K
1 S’ COBEPKUT IO KpaitHeit Mepe OAMH 3JIEMEHT U3 KaKIO0r0 MHOXXeCTBa ce-
melictBa C?

AS(S'cS&|SN<K&Ve(ce C—>3s(s e S'& s €0)))

Joka3aTenabCcTBO.

1. 3agaua MHOYKECTBO ITPEJICTABUTEJIEN npuHagyiexut NP, tak
KaK ey MpeabsBIeHO MOAMHOXECTBO S’ MHOXKeCTBa S MOLIHOCTHM He 60-
Jee K, TOo MpoBepKa TOro, UTo S’ COOEPXKUT I10 KpaitHeit Mepe OAMH 3JIEMEHT
M3 K&KI0ro MHOKeCTBa ceMeiictBa C, MOXeT GbITh OCYIL[ECTB/IEHA He Gonee
yem 3a ||S] - |ICI| < |IS]] - ]|C|| 1maroB Ha ABYXJIEHTOYHOM MalyHe TbropMHIa
U, CJIeflOBaTeNbHO, He 6oiee YeM 3a MOJIMHOM LIaroB OT AJIMHBI 3aIIMCH UC-
XOOHBIX AAHHBIX Ha K1accuyeckoii MauHe TriopuHra. IIporecc nopoxae-
HUS1 TOAMHOXeCTBa S’ 3aHMMaeT He 6oee ||S|| maros.

2. Eciu paccMOTpeTb Cy>XeHue 3ToM 3afauu, B KoTopoM C — ceMeiiCTBO
I BYX3/IeMEHTHBIX IO MHOXXeCTB MHOXecCTBa S, To nomyuunm rpad G = (S, C).
Cama e 3agaya MHOYKECTBO ITPEJCTABUTEJIEY npesparurcs B 3aa-
yy BII.
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MABA 5. KNACCbl CNOXXHOCTU ATTOPUTMOB

u 5.8. AHANIU3 NOA3SAAAM

Cnenytolee onpeneneHe HOCUT TEpMUHOIOTMYECKMI XapakTep. Oue-
BUIIHO, UTO TEPMMH «I1073aa4a» B3a¥MO3aMEHUM C TEPMUHOM «CY>KEHUE».

Onpepenenye. 3afaya Z; C UCXOOHBIMM JAHHBIMY U3 MHOXeCTBa D,
SIBJISIETCA T013aayeli 3aaum Z, C UCXOAHBIMY AAHHBIMU M3 MHOXeCTBa D,
(Z,cZ),ecmD,cD,uvX(X e D, — (Z, & Z,)).

OueBMOHBIMM NpUMepaMy nopa3anau seisitoTcsi 3-BbIIT < BHIII. Ilpu
3ToM 06e 3tu 3agaum NP-nonHbl. OnHako 3amaua BBIII umeeT B kauecTse
nop3amauu, Hanpumep, 3agavy 2-BbIIl, B yo1oBMM KOTOPOIT KaXgoe Mpes-
JIO)XEeHUE COOEPXXUT POBHO 2 AM3BIOHKTUMBHBIX WwieHa. [lis pemenus 2-BbIIl
U3BECTEH MOMIMHOMMAbHBINA aJITOPUTM.

Ecnu nocpencTeom

O,®ne

0603HauYMUTh COOTBETCTBEHHO MOMMHOMMAIbHbBIE 110 BPEMEHMU, OTKpPbIThIE!
u NP-nio/1HbI€ 3a/1auy, TO BO3MOXHO TOJIbKO CJIEQYIOLIEE COOTHOLLIEHME MEX-
Iy HUMMA:

Oc..0c@c..®cec...0

Taxk, HanpuMmep, &5 3agauy BBIIT ¢ gyinHOI npenjioxkeHuit n uMeeM
olenyolye noa3agadun:

n 1 2 3] .. MpPOU3BOJILHO
OO | e | .. °

IIpumepoM 3amauy, UMEIOILEl CYLIECTBEHHO PasIMYHbIe C TOYKM 3pe-
HUSI TEOPUM CJIOKHOCTY MTOA3aauH, SIB/ISETCS CIenyIouias 3a5ava.

PACITICAHMUE C OTHOIIEHMEM NMPEJUIECTBOBAHUSA
JaHo: T — MHOXeCTBO «3afaHuii» IJIUTeIbHOCTBIO 1;

<+ — YyacTU4HbII nopspok Ha T;

m € Z, — 4uCiIo «IIPOLeCCOPOBY;

D e Z, — nupeKTUBHBIN CPOK.

13 3amaun u3 knacca NP, 11 pellieHusl KOTOPbIX He M3BeCTeH MOIMHOMMAb-
HBIV aNITOPUTM U He fioka3aHa ux NP-1o/HoTa.
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5.9. 3apaum ¢ YmcnosbIMKU NapaMeTpamu. MceBaonoNMHOMUanNbHbIe 3afayuun

Bonpoc: cymectByeT m Takoe pacnyucaune o : T — {0, 1, ..., D}, uTo nust
kaxporoi e {0,1,...,D}|l{t: te T & o () =i}l S muecmt<-t, 1o o(t) < o(t).

st 3TO 3amauy Ha puc. 5.4 u3o6paskeHa JuarpaMmma COBPEMEHHO-
I'0 COCTOSIHMS 3HaHUI O ceMeiiCcTBe e€ nmof3anay (2] (Kpy>KOK, pacroNoKeH-
Hblif JIeBee WM HIWKe NAaHHOro, U306 paxkaeT ero rmogsagavy). ITycroit Kpy-
JKOK 03HAyaeT, YTO CY)XeHMe 3afauyy MMeeT NOIMHOMMAJIbHBINA aITOPUTM.
Kpy>KOK ¢ TOUKO# BHYTPM ITOKa3bIBaeT, YTO COOTBETCTBYIOLLEE CY)KEHME SIB-
JISIeTCS1 «OTKPBITOM» 3afiaueii, T.e. Iis1 HEE HeU3BeCTeH NMOJIMHOMMUAIbHBIN
QIrOpUTM U He noka3aHa NP-nonHoTa. TEMHBIM KPY)KOK O3HavaerT, YTO 3a-
pauya NP-mionHa.

m<1l m<2 m<3 m<100 m
<* [IpOU3BOJIbLHO O o O] O] [
< IepeBO (0] @) @) ®) (@)
<* IIyCTO 0] 0] (@) (@) @)

Puc. 5.4. CoBpeMeHHOEe COCTOSIHME 3HaHMIT O ceMelicTBe 1o/J3aay 3aiaun
PACITMUCAHME C OTHOIIEHUEM ITPENUIECTBOBAHUSA

Kak BuzmHO 13 3TOM AuarpaMmmbl, NP-TI0IHOTa OOKa3aHa, TOJAbKO ecin
YaCTUYHBIM MOPSOOK U KOMMYECTBO MPOLECCOPOB NMPOU3BOIbHLL IIpu OT-
CYTCTBUM YaCTUYHOIO IOpSAKA WIM eCiM OH 3aHaéTcsl JepeBOM, 3ajaya
MIPUHALIEXUT Kitaccy P.

BeiBop,. IIpexne yeM OTKa3bIBaThCsl OT TPOrpaMMMUPOBAHMUS 1J151 MHO-
rOKPaTHOrO MCITOJIb30BaHMs (IJIs1 MCXOOHBIX JAaHHBIX 6ONbLIOro pasmepa)
ajropuTtMa, peuiamouiero NP-IolHYI0 3a/1a4uy, IpOBepbTe, He II0CTaBJIeHa U
nepen BaMy e€ 1oA3a5avua, MMeLast MoJIMHOMMUAIbHBIA aITOPUTM.

u 5.9. 3BAQAYU C HUCN1OBbIMU NTAPAMETPAMM.
NCEBAONO/IMHOMMUAIJDbHDIE 3AQ0AYUN

PaccmMoTpuM anroputM™, pemaroommii 3agayy PASBUEHUE, u oueHum
YJCJIO LIAroB ero paboThl.

HanomHuM, YTO B yC/IOBMM 3aaYy JAHO MHOXKECTBO IOJIOKMTEeIbHBIX
uucen {s,, ..., s,} u ero TpebyeTcs pa3buTh Ha ZiBa MOAMHOXECTBA C OAMHAKO-
BOJM CYMMOVA.
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MABA 5. KNACCbl CNOXXHOCTU ANTTOPUTMOB

1. Boruncum s, +... + s . ECM uncio HeY€THOe, TO 3a/iaya pelieHust He
uMeeT. B npoTMBHOM ciryyae onpenenum B =Va(s, +... +5)).

2. Onpenenym Tabnuuy ¢ anementamu ¢, mpu i=1,..,n,j=0,1,..., B.
t; <> «B MHOXeCTBe {s,,...,S;} €CTb IIOIMHOXeECTBO Beca j».

3. 3anonHuM TabNuLYy, UCTIONb3Ys CBOMACTBA ¢!

t,= T Ans Beex |,

eomt,=T,10t;, . =T,

eam t;=T,To Livnges,y= 1+

4.Ecm B cTonbue ¢ HoMepoM B nosiBunock 3HaueHue T, TO 3afa4a umMe-
et peueHue. Ecy ke nocie 3anonHeHus Tabmipl HU B OAHO# CTPOKe B 11OC-
nenHeM cTonbie HeT 3HayeHus1 T, TO 3aaya pellleHys He JIMeerT.

Ipumep. IlycTs Beca paBubl 5, = 1,5, =9,5,=5,5,=3,5,=8.5, +
+...+5,=264éTHO, B=13.

i 71 o 1 2 3145|6789 ([10]11]12]{13
1({T]| T

2 T|T T | T

3| T | T T[T T|T

4 | T | T T|T|T|T T|T]|T T|T
5|1 T])|T T|T|T|T T|T|[T|T)|T|T

B nocnegHeM crtonbie umMeertcs 3HaueHue T, Cl1efoBaTeNbHO, 3aaya
MIMEeT pelieHue.

JTa Tabnuiia MO3BOJSIET PELIMTh He TONbKO 33avy paclo3HaBaHus, HO
U 3aiavy IOMCKa: pa3dbuTh MHOXKECTBO YMCeJl Ha iBa NOAMHOXXeCTBa C OMU-
HaKOBOJ CYMMOIA.

BriepBbie 3HaueHyue T MOSIBUIOCH B NTOC/IEHEM CTONOLe B 4-71 CTpOKe
B pe3ynbrare npubapienus s, = 3 K nogMHoxecTsy Beca 10. B 10-m cTonbue
3HaueHye T BriepBbie NOSIBUIOCH BO 2-71 CTPOKe B pe3ysbTaTe npubasieHus
s, =9 Kk noAMHOXecTBY Beca 1. B 1-M cTonbue 3HaueHue T BriepBble MOSBU-
noch B 1-i1 CTpoKe B pesynbraTe NpubasneHus s, = 1 K Hymo. Bec mogMHo-
XecTBa {s,, S,,5,} paBeH s, +5,+s5,=3+9+1=13.
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5.9. 3apnayu c YMcnoBsbIMK NapaMeTpaMu. NcesnononnMHoMUanbHble 3anadu

[omyuwny, YTo s, +5,+5, =5, +5..

VuuTbiBasi CBOJCTBA 371eMEHTOB TabGMMIIbI, MTPOLIECC €€ 3arOMHEHUs
norpebyet He 60onee n(B + 1) mwaros (e pacCMaTpMBaTh TPAAULMOHHYIO
MauHy TbIOpMHTa, TO 3TO BhIpaXKEHME CIeAyeT BO3BECTH B KyD WK B YeT-
BEPTYIO CTENEHb).

[me ke 3KCIIOHEHTa, obemanHas a1t NP-1onHbIX 3anau? Heyxeny Ml
JIoKkasanu, uto P = NP?

BcrmomHMM, 4TO B onpeneneHuy kiacca NP peub MIET O MOIUHOME OT
JJINHDBI 3AITMCH ucXOOHbIX JaHHBIX.

ITapameTp n xapakTepusyeT JJIMHY 3alIUCU, HO lTapaMeTp B — 3TO CyM-
Ma CaMMX YMCIOBBIX MCXOOHBIX. [IJIMHA 3aMMCH YMUCia MUMEET TOT JKe MOopsi-
JIOK, 4TO ¥ Jlorapudm 3TOro unucia, T.e. B = 2'°8% = 2181, Bor 1 nosismIach 3KC-
MOHEHTA.

Onpenenenue. 3aaya C YMCJIOBBIMYU [TapaMeTpaMy Ha3bIBaeTCS IICEB-
JOTIOIMHOMMAIBHOM, eCIM YMCIO LIaroB pelnarouiei e€ mamyHbl Thio-
pPUHTa He NMPEBOCXOAUT MOJIMHOM OT 3TUX YMCIOBBIX TapaMeTPOB U JJIVHBI
3aIMCH OCTIbHBIX MCXOMHBIX NAHHBIX, IPY 3TOM 3HaUYE€HMS YUCIOBBIX Ma-
paMeTpOB He MOTYT ObITh OrpaHUYEHbI IOIMHOMOM OT JJIMHBI 3alTUCU OC-
TaJIbHBIX UCXOAHBIX JAHHBIX.

BoiBogn. Hesb3st 0TKa3bIBaThCS OT HAMMMCAHUS TPOrpaMMbl JJ1s1 MHOTO-
KpaTHOro pemieHust NP-1onHoi uiau NP-TpygHO#M 3amauy, eciiM OHa IICeB-
JOTIONIMHOMMAJIbHA ¥ BETMYMHA YMCIOBbIX MCXOOHBIX JAHHBIX HE CIMIIKOM
BeJIMKA.

K Takoro poma 3amauaM OTHOCSITCSI, HAIIpMMep, MHOTMe 3afauy Co-
CTaBJIEHUSI PaCIIMCAHUIA, TTOSIBJIEHYE B KOTOPbIX CIMIIKOM OOJMbIIMX YMCes
MaJIOBEPOSITHO, ITOCKOJIbKY 3aaHMs AO/IKHBI ObITh BBIOHEHBI B IIPUEM-
snemoe Bpemsl. [IceBONONMHOMMUAbHBIE AJITOPUTMBI OYIYyT paboTaTh «3K-
CITOHEHLIMaIbHO A0JIT0» TOJMBKO IJIS1 TEX MCXOOHBIX JaHHBIX, KOTOpPbIE CO-
JlepXXaT «3KCIOHEHLIMaIbHO 60bIMe» yucia. Takue yucia UCIoIb3YIOTCS
B Kpunrtorpaguy, HO B OOJbIIMHCTBE ITPAKTUYECKU pelllaeMbIX 3aavax
OTCYTCTBYIOT.

Kpome Toro, ecyiv uncioBbie napaMeTpbl I1CEBAONOIMHOMMUAIBHOI 3a-
Jauy 3aaHbl B YHapHOI1 CUCTeMe CUMUCIIeH S, TO AJIMHA 3aIMCU KaKAOro Ta-
KOro IlapaMeTpa COBIAJAeT C ero 3HayeHMeM U 3afaya CTaHOBUTCS I1OJIU-
HOMMaIbHOM. Ha 3TOM MHOIZIa OCHOBBIBAIOTCS «I0KA3aTeNbCTBa» TOrO, UTO
P = NP, nepuopyuecky nosiisiroiiuecss B lutepHete. BeaycwioBHO, OHYM He
SIBJISIIOTCS JOKA3aTe/bCTBaMM, TaK KaK PacCMaTpPUBAIOTCS pa3Hble 3afauy,
TOYHee, pa3Hoe NpefCTaB/lIeHM e UCXOAHbIX JaHHbIX.
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TMABA 5. KINNACCbl CNOXXHOCTU ANMTOPUTMOB

u 5.10. «[TOXOXXUE» 3AQAYN C PASHOM
BbIYUCIIUTESIbHOM C/IOXKHOCTbIO

P NP-nio/nHble
KPATUAMIINI TYTh JJIMHHENIINN ITYTh
MEXIY IBYMS BEPIIMHAMU MEXIY IBYMS BEPIIMHAMU

HaHo: I'pad G = (V, E), «<anuusl» l(e) € Z, (e € E),
«anuHbl» l(e) € Z, (e € E), BolfeneHHble BepliuHbL S, f € V,uncioB e Z,.
Bomnpoc: CyuiectByeT M B G IPOCTO ITYTh U3 S B f AJIMHBI

<B

2B

PEBEPHOE IIOKPBITHE

BEPIIMHHOE ITOKPBHITHE

HaHo: I'pad G=(V,E),uucno K e Z..
Bonpoc: CyiiecTByeT 1M OAMHOXECTBO

E'CE|El<K VeV, IIVIisK
VVEV 3eeE' VeeE ave v
vee
TPAH3UTHUBHAS MUHUMAJIbHBIN
PEOVKIIUS OKBUBAJIEHTHBIV OPTPA®

Hano: Oprpad G= (V,A),uncno K e Z,.
Bonpoc: CyiuiecTByeT i1 IOLMHOXeCTBO
AcVxV AcA
Takoe, uyto ||A'|| < K
u ons Beex u, v € Vrpad G'= (V, A') conepXuT nyTb U3 U B V
TOTAA Y TOJIbKO TorAa rpad G cogepXXUT TaKo MyTb.

PACITMCAHMUE JI4 ITPSIMOT'O
JIEPEBA 3AJAHUI

PACITMCAHME JJ151 OBPATHOT'O
JIEPEBA 3ATAHUN

JaHo: MHoxecTBo T 3agaHuit ¢ eJUHUYHOM AJIUTEIbHOCTDIO,
OUPeKTUBHBI cpok d(t) € Z, (t € T),unciom € Z,
YaCTUYHBII MOPSAAOK <* Ha T, OTHOCUTEJIbHO KOTOPOTo
KaXxgoe 3afaHue MMeeT He 60J1ee OLHOTO HENOCPeACTBEHHO

C/leay1ollero 3a HUM IpeJLIeCTBYIOLLEro eMy
Bomnpoc: MO)XHO /11 COCTaBUTD AJ1s1 MHOXecTBa T pacniycanue
Ha m rpoiieccopax, Ha KaXZjoM M3 KOTOPbIX 3ajaHUS BBINIOTHSIOTCS
COIVIaCHO 3aJaHHOMY YaCTMYHOMY IOPSIJIKY, TaK YTO
BCe AV peKTUBHbIE Tpoxn BBITIO/THEHBI.
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5.10. «Moxoxkue» 3a0a4u C pa3HoM BbIHUCNUTENBbHOW CNOXXHOCTbIO

VipaxkaeHus.

Ucnonp3ys MeTop, cy>keHusl, [0Ka3aTb NP-TIOJTHOTY CJIEAYIOLMX 3a0ay.

3ameuanue. [Ipu nokasatenbcrse NP-nonHoTs! 3agauu MHOXKECTBO
TTPEJICTABUTEJIEN ¢opManbHO UMCIO IIAroB MOPOXAEHMS] MHOXECTBa S'
MOYKHO OBUIO OrPaHMYUTD YUCIOBBIM NapaMeTpoM K, HO cpa3y 6bU10 yuTe-
HO, uTo |IS'| < [IS]I.

Hwxe B ynpakHeHMSIX IJi1 HEKOTOPbIX YMC/IOBBIX I1apaMeTpPOB SIBHO
yKa3aHO OrpaHMuYeHMe Ha MX 3HaYeHUs yepe3 JJIMHY 3alUCU HEUUCTOBBIX
rapamMeTpOB, @ B HEKOTOPbIX CTy4asiX 3TO He CAeaHo.

1. PACITMICAHUE [1J151 MYJIBTUITIPOLIECCOPHOY CUCTEMBI.

JaHO: KOHeYHOe MHOXECTBO «3afaHuii» A;

«IJTUTEIBHOCTU» I(a) € Z, pyisi Bcex a € A;

YMCJIO «TIPOLIECCOPOB» M € Z,;

«IUPEKTUBHBIN CPok» D € Z,.

Bonpoc: cymectsyet i pasbueHne A =A U ...U A MHOXeCTBa A
Ha m HelepeceKaloUIMxcs MOAMHOKECTB TaKoe, uTo st Bcex i (1 €i<m)
Zoen I(a) < D?

2. OCTOBHOE JIEPEBO OTPAHUYEHHO¥ CTEIIEHM.

Hano: rpad G=(V,E)\uKe Z,.

Bormpoc: cymectByeT i B G OCTOBHOE ePEBO, B KOTOPOM BCE BEPIIMHbI
MMEIOT CTelneHb He 6onee K?

3. U30MOP®U3M ITOATPADY.

HaHo: nsarpada G=(V,E)uH=(V,E,).

Bonpoc: conepskut v rpad G noarpad, usomopdHslit H?

To ecCTb CyHIECTBYIOT M TaKMe NMOAMHOKecTBa V VUECE u 61ex-
umsi f: V, - V,uro |[V] = |V, u Vuv(u, v € E, <> f(u), f(v) € E)?

4. CAMBIY JJTUHHBIV ITYTh.

Hano:rpadp G=(V,E)\uKe Z,,K<|V].

Bormpoc: umeercs 11 B G npocToit nyTh (T.e. MyTb, HE IPOXOASILIMIA
JBaXIbl Uepe3 OAHY BepIIMHY), ConepKaluit He MeHee ueM K pébep?

5. HAMBOJIbIIMIA OBLIMIA ITONTPAD.

Hano: nearpada G, =(V,E)uG,=(V,,E),Ke Z,.

Boripoc: cymecTByioT /i Takue noamHoxectsa E| € E, u E, € E,, uTo
|E\| = |E,| > Kn nonrpadsi G, = (V,, E)) u G, = (V,, E,) u30MOp(HbI?
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MMABA 5. KNACCb!l CNOXXHOCTU ANTOPUTMOB

6. PIOK3AK.

JlaHO: KOHeYHOoe MHOKecTBO U,

«pasmepsi» s(U) € Z,;

«cTouMocTu» v(u) € Z ;

orpaHuyeHMe Ha «pa3mepbi» B € Z ;

orpaHuyeHue Ha «croumoctTu» K € Z,.

Bomnpoc: cymecTsyet iu nogMHOxecTBO U’ < U, Takoe 4To

ZS(u)SB& Zv(u)ZK?
uel' uel'
7. PABBUEHUE HA TAMWJIBTOHOBBI ITOII'PA®DHI.
Hano:rpad G=(V,Ey)uKe Z,K<|VI.
Borpoc: MOXKHO i1 MHOXeCTBO BepiiuH rpada G pas3durb Ha k (k € K)
HelepeceKaloWMXCcst TOAMHOXeCTB V..., V, Tak, uTo6bl a/1s1 Beex i (1 € i< k)

KaXzbli1 moarpad, MHAYLMPOBaHHbIA MHOXeCTBOM V,, comepxan laMuibTo-
HOB LIMKJI?

8. MUHUMVYM CYMMBI KBAJIPATOB.

JlaHO: KOHEYHOe MHOKECTBO A;

«pasMepbl» s(a) € Z, ANs1 BCex a € A;

KelZ,]eZ.

Bormpoc: MOXeT i1 MHOXXeCcTBO A 6bITh pa3duTto Ha K Henepecekaro-
IXCS TIOAMHOXECTB A , ..., A, TaK, UTO

55500 57

i=1 \ a€4,

u 5.11. BAQAYU C HYHUC/TIOBbIMU
NAPAMETPAMU U CUJTIbHASA NP-TIOJTHOTA

Iycrs D, — hopmann3oBaHHas 3anuch 3aiaum Z. BBenEm e Lenoumc-
neHHble yHkumnu Length: D, — Z, v Max: D, — Z,. 151 K&XXAO0M UHOUBULY-
anbHo 3amaun I 3amauy Z 3tM QYHKLUMM XapaKTepU3yloT COOTBETCTBEHHO
YUCIO0 CMMBOJIOB, UCIIO/Ib3YeMbIX B 3aMMUCU 3afauy I, ¥ BEIMUMHY MaKCU-
MaJIbHOTO uMciIa B 3amucy I. TeopeTuuecky 3T ABe QyHKUMYM MOTYT 6bITh
TIPOM3BOJIHBIMM, TaK K€ KaK MeToA GopMan3aLyn.
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5.11. 3apnauum c YMcnoBbIMK NapaMeTpaMu u cunbHaa NP-nonHoTa

Tak, Hanpumep, ais 3agauu PASBBUEHUE ouu moryT 6bITh Onpenere-
HbI CJIEQYIOIMM 06pa3oMm:

Length(I |A|+ZA|—log2s (a)]; ¢y
Length(I) =| 4|+ max[ log,s(a) ]; @)
Length(I)=|4|- ’Vlogzz; (a-l 3)

Max(I)= maxs:z) “4)

acA

ax(1)= Y s(a); ©)

aeA

Max(1) [ (zs(a))/uAﬂ ©)
acA

®yukuus Length no popmyrne (1) onpeneneHa Kak JIIMHA 3alMCH UC-
XOIOHBIX AaHHBIX. Popmyrna (2) JaéT ropas3o MeHblllee 3HaYeHue sl QyH-
Kuuu Length. ®opmyna (3), Ha060poT, AAET ropasno 6osbliee 3HaYeHMeE IJIsT
¢byukumu Length.

dyuxkuma Max o popmyie (4) onpeneseHa Kak MakCMMaJIbHOe 3Haue-
HUe YyucIoBoro napamerpa. ®opmyna (5) naér ropasno 6onbliee 3HaueHue
s dyukumm Max. opmyna (6), HA060pOT, JAET ropas3fi0 MeHblee 3Haye-
Hue o5t GyHKUMM Max, a UMEHHO HEeKOe «CpefHee 3HaYeHye» IJIMHbI 3a1y-
CU YMCJIOBBIX ITapaMeTpOB.

Omnpepnenenue. ®yHkumu Length u Length’ Ha3bIBaIOTCS MOIMHOMM-
AJIbHO 3KBUBAJIEHTHBIMMH, €CJIU CYLLECTBYIOT TaAKMe NMMOJIMHOMBI p U p', 4yTO
IUTS BCSIKOV MHAMBUAYaIbHOV 3anauyt I € D, BHINOTHEHbI COOTHOILEHMS :

Length(I) < p'(Length'(I));
Length'(I) < p(Length(l)).

VIMeHHO B CBSI3Y C TaKMM OINpENeTeHUEM NPU JT0Ka3aTeIbCTBE MPU-
HaJJIEXKHOCTH 3aauy Kinaccy NP Mbl OCTaTOYHO «BOJIbHO» 06paLiauCh CO
CJI0BaMM «0JIUHA 3aNUCU MHOMECMBA» VI «<MOUJHOCMb MHOXECMBa».

Omnpepnenenue. Iapbr pynkumii (Length, Max) v (Length’', Max') Ha3bl-
BaIOTCS MOIMHOMMAJIbHO 3KBUBAJIEHTHBIMM, €CJTM CYHIECTBYIOT TaKue I10-
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IMABA 5. KINACCbl CJTOXXHOCTU ANTOPUTMOB

JIMHOMBI OT [IBYX [TepEMEHHBIX q U q', UTO AJIs1 BCSIKOI MHAMBUAYAJIbHOM 3a-
paun l e Dz BBIIIOJIHEHBI COOTHOIIEHMS

Max(I) < q'(Length'(I), Max'(I));
Max(I) < q(Length(l), Max(1)).

Ot ¢yukumit Length u Max TpebyeTcs Takke, 4T06bI OHYM IPUHAAJIEKA-
7 xnaccy FP, T.e. [BOMYHbIE 3alMCU MX 3HAUYEHMIT BBIUMCISIUCD He 6onee
yeM 3a MOJIMHOM OT JJIMHBI 3aITUCYU UX UCXOAHBIX AAHHBIX.

VopaxkHeHus.

1. lokasaTb, uTO J106ast M3 AEBATH MEPEYMCIEHHBIX BbIlIe Nap QYHK-
umit (Length, Max) nonHOMMaIbHO 3KBUBaJIeHTa JIt060i1 Apyroii nape yH-
KUMI U3 ITIepeuyuCIeHHbIX BbILIe.

2. Jloxasartb, uTo B lI060M U3 onpenenenuit Length (1)—(3) u B onpepe-
nenuu (6) byHkmu Max MoxXHO 3aMeHUTb |A| Ha ||All v Hao6opoT. [1py 3TOM
IIOJTYYAKOTCSI MTOIMHOMUAIbHO 3KBUBAJIEHTHbIE QYHKLIVN.

TMomxonsimas ¢yuxkims Length 3aBUCUT OT NOHATUS «pasyMHasl cxema
KOOMPOBaHMS 3afau», KOTOpast yTOUHSIeTCSI IIPU OIMCAaHMM YCJIOBUS 3a1auM.
BcrioMHMM, YTO, HarIpUMep, Ipy onucaHnuu yoiosus B 3anaye PASBUEHME:

- MOXHO 3a1aBaTh MHOXXeCTBO OOBEKTOB U UX «BeCa» ¥ IPOBEPSITh BO3-
MOXXHOCTb pa361eHyst 3TOro MHOXeCTBa Ha iBa IIOAMHOXXECTBA OAVIHaKOBO-
o «Becar;

- MOXXHO 3a/1aBaTh IMHEITHOE OMHOPOAHOE YpaBHEHMe C LielIbIMU K03 -
duLMeHTaMy U TPOBEpSTh CYlleCTBOBaHMe ero peenus B unciax us {0, 1}.

IMomxonamas ¢yHKkumMsi Max BO3HMKAET, eCi B KayeCTBe MCXOOHBIX
JaHHbIX 3a1auM BBICTYTAKOT YMcIa. Kak npaBuiio, 3TO Lie/ble MOMOXUTENb-
Hble uKucia. Bomee cioxkHble yncIa (Leble, palyoHalIbHbIe, anrebpanyec-
KM€) pacCMaTpUBAIOTCSI KaK HEKOTOpbIe CTPYKTYPbI, TOTyYeHHbIe U3 LieJbIX
TTOJIOKUTEJIbHBIX UMCell. ITO 06YCIOB/IEHO TEM, UTO MaTeMaTUYecKue MOoHS-
THS AJITOPUTMA OTIEPUPYIOT C KOHCTPYKTUBHBIMU 06bEKTaMM.

Onpepenenue. AJITOPUTM pelieHusI 3aauy Z Ha3bIBaeTCs NCEeBAOIO-
JMHOMMAIBHBIM IO Bp€MeHM aJITOPUTMOM (M1 ITPOCTO M1CEBAONONMUHO-
MUAIbHBIM &JITOPUTMOM), €C/IM YMCJIO LIAaroB ero paboTbl He IIPEBOCXOOUT
NoMIMHOMa OT ABYX aprymeHToB Length(I) u Max(l).

ITo ompeneneHuI0 BCSIKMUIA NMOMMHOMMAIbHBINA 110 BpeMEHU allrOpUTM
SIBJISIETCSI I1CEBIONOIMHOMMAIBHBIM 110 BpEMEHU JITOPUTMOM, TaK KaK UMC-
JIO €ro 1IaroB OrpaHMYeHo MOJIMHOMOM OT OfHOro aprymeHTa Length(l), Ho
He Hao6opoT (cMoTpy, Hanpumep, 3agauyy PASBVIEHME).
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5.11. 3apnaym c YUCNOBbLIMK NapaMeTpaMu u cunbHaa NP-nonHoTa

Hanpumep, B 3agavax BEPIIMHHOE ITOKPBHITUE, HE3ABMCHMMOE
MHOXXECTB, KJIMKA mumeeTcst uucioBoit napametp. IIpu nokasarenbcTse
TOTO, YTO 3aiaya IIPUHALJIEKUT Ki1accy NP, Mbl IOTy4aiy OLIEHKY UMciia 1a-
rOB, B KOTOPOIi1 purypupoBa 3ToT napameTp. OqHaKo B 3TUX 3aiayax OH He
IIPEBOCXOAMT KOJIMYECTBO BePLIVH B rpade.

Omnpenenenne. 3amauy Z 6yneM Ha3bIlBaTh 3afauyeii ¢ YUCIOBbIMU
napamMeTpaMM, eCii He CylLleCTBYeT TaKoro IOJIMHOMa p, UTO AJIS BCeX UH-
nvBuayanbHbIX 3anay I € D, Boinonusercs Max(]) < p(Length(D)).

W3 3Toro onpeneneHus clieqyeT yTBepPKAeHMe.

Vreepxxaenue. Eum P # NP, To Hukakast NP-1iofiHas 3afava 6e3 umc-
JIOBBIX ITapaMeTPOB He MOXXeT ObITh pellieHa MCeBA0N0TMHOMMUAIbHBIM aJl-
rOPUTMOM.

Cpeny mect¥ OCHOBHbIX NP-TIONMHBIX 33fay eIMHCTBEHHO 3ajayeii
C YMCJIOBBIMM ITapaMeTpamu siByisieTcs 3agaya PASBMEHUE.

Takum obpasom, eciu P # NP, To NP-nionHble 3afauy, OJs1 KOTOPBIX
MMeeTCs NOTeHLMaIbHAS BO3MOXKHOCTD MX pellleHys IICeBAO0NONIMHOMUAIIb-
HBIM TI0 BpEMEHMU aJITOPUTMOM, — 3TO 3a7a4y C YMCJIOBBIMM [TapaMeTpaMMu.

J1st TpOM3BOIbHOM 3aauy pacro3HaBaHyus Z U MOJIMHOMA C LieJIbIMU
ko3 duLmenTamu p nmocpenctsom Z_ 0603HauUMM €€ Moa3anavy, B KOTOPOi
JUIS1 BCEX €€ MHOMBUIYAITbHBIX 3anay I BepHo Max(I) € p(Length(l)).

Tlo ompeneneHmio 3anaum ¢ YMCJIOBBIMY NTapamMeTpaMy 3afaya Z, He
SIBJISIETCS 3ajaveit ¢ YMCIoBbIMM NapaMeTpaMu. CriemoBaTenbHO, €C/IM OHA
paspeliMa ICEeBIONOIMHOMUAIBHBIM aITOPUTMOM, TO OHa paspelliyma
MOJIHOMMAIbHBIM QJITOPUTMOM.

Onpenenenne. 3agaya Z Ha3biBaeTcss NP-II0/IHO¥ B CMJIbBHOM CMBIC-
e, eCiu:

- Z npuHagnexut NP;

- CYLECTBYET TaKOJ MOMMHOM P C Lie/IbIMM K03bduLmeHTaMu, YTo Z
siBnsieTcss NP-TIOJHOMA.

CnenctBue. Ecim Z NP-TI0/IHA M He SBJISIETCS 3afaydeil ¢ YUMCIOBbIMU
napaMeTpamu, TO OHa NP-110/IHa B CWJIBHOM CMBICITE.

Vreepkpenue. Ecii P # NP, To HuKkakasi NP-nojnHasi B CUJIbHOM CMBIC-
Jie 33a4a He MOXET ObITh pellieHa MCeBAONOIMHOMUAIBHBIM JITOPUTMOM.

W3 storo cinenyert, uto 3agaua PASBBMEHUE He MmoskeT O6bITh NP-TI0HOI
B CWJIbHOM CMBIC/I€, TaK KaK OHa MOXKeT ObITh pellieHa [1CeB0N0IMHOMMUAIb-
HBbIM QJITOPUTMOM.

IIpumep NP-110/THO¥ B CM/IbHOM CMBIC/IE 3a0a4M.

3agayua KOMMUBOSDKEP (KM) siBisietcsi NP-IIOHOIA, TIOCKO/IbKY OHa
MOJIMHOMMAIbHO 3KBUBaJIeHTHA 3agaye I'L] (cm. mokasaTenbcTBO B 4.5). Kpo-
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MABA 5. KITACCbl CJTOXXHOCTU AJTTOPUTMOB

Me TOro, OHa SIBJISIeTCSl 3afayeil C YMCIOBbIMM apamMeTpaMy, TaK Kak HU
paccTosTHUSI MeXXmy roponamu d(i, j), Hu orpaHMYeHMe Ha IJIMHY MapuipyTa B
B Hejt He PUKCUPOBAHBI (MOTYT OBITH IPOU3BOIBHBIMM).

ITpu mokasarenbCcTBe CBeAeHMs K Heit 3agauy '] 6b111 oyyeHb TOMb-
KO TaKue MHOVBUAyaIbHbIE 33auM, B KOTOpbIX paccTosiHus d(i, j) paBHbI 1
UM 2, a rpauuiia B coBnagaeT ¢ YMCJI0OM FOpPOJOB.

Iycts

Max(I) = max{B, max d(i, )},
L)

Length(l) =m +[log, B] + % [log, d(, )|
L]

Torpa Bce MHAMBMOYAIbHbIE 33auM, I0JTy4aeMble B OIIMCAHHOM CBOOU-
mocty (B yactHocTH, I'LL), ymosneTBopsitoT orpanmuennto Max(l) € p(Length(l)).
CnepmoBaTtesnbHO, 3aJaya KMmgmm, rnop3apaueit KOTopoit seasiercs I'L,
NP-nionHa. 13 atoro cnenyet cunbHas NP-nionHoTta 3agauu KM.

B kauecTBe yrnpaxkHeHuit 6pu11 paccMoTpeHb! 3agauu PEIOK3AK u PAC-
[MUCAHUE U1 MVJIBTUIIPOLIECCOPHOM CHUCTEMBI. Mx NP-mnonHoTa
JlOKa3bIBaJIaCh CyxkeHueM 3Tux 3afad no 3agauu PABBMEHME. OnHako 3tu
CY>KeHMS OCTaBJISIIOT OTKPBITBIM BOIIPOC O BO3MOKHOCTM pellieHus 3TUX 3a-
Iady NCeBAONOIMHOMUAIBHBIMU JITOPUTMaMMU.

3amauy PIOK3AK MOXHO peliMTb 3a IICEBAONOIMHOMUAIbHOE Bpe-
MSI METOJIOM AMHaMMUeCcKoro nporpammupoBanus. [1o3aToMy 3Ta 3amaua,
XoTs1 ¥ NP-1I0JIHa ¥ MMEET YMCJIOBbIE ITapaMeTphl, He siBjisieTcs] NP-II0NHOI!
B CMJIbHOM CMBICJIE.

Ins 3agauu PACTIMCAHME IS MYJIBTUIIPOLIECCOPHOM CUCTE-
MBI umeeTcs mokasaTeabCTBO €€ NP-ITOJIHOTBI B CUJIBHOM CMBICIIE.
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109316, r. MockBa, Bonrorpaackuii np-T, 4. 42, KopI. 5

785449 " 71855
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